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1. IETRODUCTION

A civilized man seems Lo have sn habitual oraving for order, unity,
deeper insight, snd minimme lsbor. He attempts to generslize the results
of investigations and to establish & correspondence between them and
mental procesges. In the cuse of investigations of physieal phenomena
he utilizes the isomorphic relationships between mental processes,
geometrical representation, snd elgebreic formules.

In almost any atbtempt to sstablish a correspondence between physical
phenomens and mentel processes, the principles of geomstrical representa«
 tion of slgebraic formulss are used, Almost immedimtely, the gquestion
of whether & fomulation in terms of coordinates expresses something which
characterizes the physiesl cecurrence or the coordinate system arises.

A sufficient condition which, if fulfilled, insures that & stetement has
» meening which is independent of the reference coordinate system is
desived. This is what tensor analysis attempts to do. The methoed of
4ensors first sssigns coordinmetes, end then shows how to obtain results
which, though expressed in terms of coordinstes, do not depend upon the
cholce of them. Thus tensor analysis provides e suitable methemmtical
tool for the ﬁ&‘.‘g&w%mgw of & sorrespondence hetween physieel phenomena
and mentel procssses, but its spplieation to differential geocmstry proe
vides the method of remsoning to be used.

The objestives of this thesis ere to present some of the fundementel



*Lzeupyows [WOTHOsTe Juigeies Jo

sredyeue oyy 03 suctaunbe g edueddel Jo woijywuloFsusyy Jo seydioursd eug
£1dde o0q moy (9) feecusnsduco jo eopdauume uw 03 evueq) puws *mejVULpIo0O
goueeJes JVOUTITAIND [vieued 01 SOUUTPI0CH SOUSISIRL UWNIREIIE) WOXJ SOOI
~anbe ¢,eduwesde uy sel3yyuend eyy mioysusiy o3 moy {g) fuoryesesdrejut
mﬁwﬁ&%@w % ueAld 8q weo suwoljenbe teotumenly 8,03ueadwy moy (g) fersigeoe
Io8uey 03 @Wﬂdﬁ&hnw sisiywuw Jojoes moy (1) tmoys o3 sepdiourad esewmpn

A1dde o pue fAxgsuned [wijusleJITP puw sTsATwuw Josuwey jJo seydyoutad

-a



-JTp uxepow ayy SejlLepun sisdysus Joguey Jo AJI00HG JUSTIVAUT SYUL
* FEUTSBABILUOD
PUB JUBIIBACY 99 GMOWY UOTIWIJOJBMEI] JO BMU[ JUSNeJIIP O} UOSs}8q
m&?wﬁawww 03 sapdidoszoedns puwe sadiLosque Jo esn 8yjz o=lv v&ﬁw&&ﬁ
oym TR0ty Bem 31 *(§1) <Leded guiel B UL wlo) PESUCPUWOO BV WL YJJI0J 3€8
Od0M VRTALH=TAS] JFO SEOYZ PUw SSTPUISE STH *TO0Ty O3 onp Swea eouwjlod
~UT 837 JO AIes0OBID 943 DPUS UOTFVIJUSIOIITP FUETIVAOO SUBR ouyg

OXP (99 f13 . BD WXOZ

2
1vIguale ity o13ulpunb queileaur 943 uwodn poseq Ajeunosd orijer ¢ Jo seswo
mﬂwem@w edem Axjewoed ,ol3diyiye, oIy puw *Lsseyogwqoy puw yelifeg Jo
Axyouosd  orroqreddy, eyy *Lijewced weepilong oyl IV POFBIGSUOMSP oM
8, UUGUOTH ‘USTIBIIUSIGFIIP JUGIAVA0O POEn OS[® [SJFOISTIYD frosURg o
»BAIND DY PUR UOTLO0TUOD SUIIIE SUy Jo sjuenoduwo oy puUnog WO JO Y3Ioq
*(¥) Tejzozstaup pus (HT) s3tusdyr Lq pedoyssep exes Aloeys oyz jJo seury
wpel ouy ‘umouwy eJem jiom 8, g&wm Jo syimep 8yl edejey *(61) ,eudem

Sy Tounesen, STY UT peystiand sem yiow §,uuwIOTy *HS9T UL Uelullqecy

Jo f37saeatun ey3 Jo A3nowy [eorydosOrTUy oYl I0J6q PUS SeM UOTUM
TUENSTY JO F404 oug Ag pezvandunwut sea mi0J (8UsIelJIp orawspsndb eys

Jo fioeys Teaoued eyl <wmiod or3vIPpunb jquetseaul uwe ROV pPelejund Tua
greireus JO8USY YITA WOTOOUUeD uwy Apngs L1awy  YSe3wuIpIeco A0 BOTQRIJIBA
Jurdueye Jo 3wyg o1 ‘sisdiywvuw Josueg sv mmouy Araerndod ‘snnolec

TOT3UIOI TP SINIOBQE 64y JO §ISVQ oy JUTNIOF VOPT [WIUSWEPURI O]

SISXTVHY BOSHEEL “IIX



«PUadg OU3 08B0 STYY U *SOJBUIPJI000 JO SIYRIUSIGIJIP Uy 0% sousinjel
RIR POJOPIEULS 2q PIRED 3@%&%3 AOBUSY PIOYR SUOTIUEICIS UBIZ S4WUFPIO
~00 0% PejTWIl Sem Axoeyg JoFe] JOPTO eyl *Aaosyl Josues I Inodo Lew
WIYe E3U0I0TJJe00 uoljEmIoswsay Jo seidy JUSIeIITD omM3 oW GIel]
*Axqew0el URRURUSTH-UOUw POy TEd welJo 8% Axpemoed Fupsprnses
943 ISUOT3OONUOO DIJISMAASW SPAIOUT 03 poudeu £,1den pezileasus3 eawy
uegre) pus *uegnoypeg Twosdulppy *secwelsTP TRNISS3TUJUT o sjusweserd
~81p (oyruand Fupgywip Lq pwe spoquis TeJIOISTID oWy Jo edwyd ur SWOIR
~oouun? SUIe Olijoumds 89 SO EHIPIO0? 2U3 Jo suoljoung Teaemd Jujonp
-oxquy Lq sa@dom L1awe 8y} Jo wepl ouy pezjreseucd jeayy oum yien sum
31 *uwwwsly Jo w0l 91judpenb [wjuemepuny euj uo peswy LIoeul Juwlleauy
o3 03 PeaTwIl Arjsom ueeq pwy Axjeuwel T[eijuLIeIITP *(g) uUsgIe) pus
‘(og) uegnoyog *(grz *d ‘s) uoqdurepy ‘(92 *¥2) T4en Jo sysom euI TWIW
*SI08Ues Jo eouwsorJrudre Tecorsiyd eyy Jo sjunooow pood uegjiam
sawy (39 *d *g) wozdurppy puwe (I *3dwyy *L) urensury Yoy “~eysipvie
Zosusy v umowy L{sepndod m@m@ﬁ SpABNISNS S WOOS SALNOTE? [VIFUGISIJIR
eanyosqe ayy peyyes Arsnojssad sum jueyy *(9) 9161 <wei euy uy L3rameisa
1exeued Jo Aaceys ¢34 Wy ulessupy Lg peoupelul SRA JO8USY SwwWu OUL
*Lazemped woll pegvIluerelyip Atanerduwoc
fpisdiwus Jo YOWeLy v 8% $38T¢e sisiyvus Josueq Jo Lfioeyl guwerswauy
ouys Tsseloyiaeasy *Aigesosd wyl suo(3vred pum 8306{Go JUBIIVAUT JOSUS]
~UOH PUY JOSUSE POSUNAPE OJ0W S} JO GWOP J¥ES] 1V SONPOLIUT 03 S[QUILSLP
PaIopPIswoOD 87 2% n‘wﬁﬁwﬁmﬁh Jo epow @ §v sesJes Lijouned ecups revvejdoduy
qvesl peunsss eawy YHOTI00UNOS BULJIV SU) ¥ YONS FHIUSTIVAUT JOBUBYLIOU

euos PreTs syyy U *squemeosydstp [wUINe3TUTIUT Jo Axjemced [wrjuCde]



wnl i

formation coefficients were partial derivatives of the coordimate varisbles
eoncerned, the conditions for the exietence of exast differentisls or

the integyrablility conditions beinp satlisfied, so thet a 1im: trangw
formetion of the coordinate differentisls, for exemple, could be

integrated to obtain the coordinete variables. Such transformations ere

g trensformations. There is, however, & more

genersl type of trensformation in which the inbegrability conditicns Tor
an exset differential need not be satisfied. In this case the order of
partial differentiation cannot be interdhenpged esnd the same result obew

tained; an asysmetric conneetion resulits. BSuch transformetions are some=

times ocslled non~holonomous trensformetions. An optionel viewpeint to
 that of trensformation of nmﬁaiﬁmﬁs parameters consists of considere
ing the tensor coumponents defined with respect to differentisls of are,
snd transformed from ame set of differentinls of sre to another set,
without reguiring the existence of th# underlying variables of the 4ifw
ferentials of arcs. This latter tensor theory is known as intrinszie
tensor snslysis. In 18354, Sraustein’s paper on "The Geometry of Riems

anien
Spaces” wes #uﬁiiﬂmd {8)3 he gave en excellent aceount of the intrinsie
tensor theory.

1t should now be guite clear that transforuntions of soordinate
variebles and of guantities represented in terms of thess variables ere
%e' chiefl soncern of bensor analysiss therefore it seems desirable to
bagin & trestuendt of tensoyr analysis with the fundementals of transformse

tion of coordinates.
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which represent transformations from the X: to the x' coordinates.

2+ Eronscher deltes snd the sumpetion econvention

7%

1f the x! as funotions of the T4 equetion (2.3) are differentisted

with respect to & particular coordinste xsj, there 1s obtained

oxk , o 0%
oxd %= Jgxd.

X 1’ - gy ﬁ‘a (3‘4'}

where the indleces k snd j indicate partioular xt terns, and the repesated
o index indicates & sumetion onxX + o is known as & "dumey" index;
it may be chanpged at will to any other literal index. This use of »

repeated index to indicete & swmmtion is known as the summetion convenw

tions unless otherwise stated it will be vsed on the suceeeding puges
without further mention.

Since the x are independent, eguations (2.4) are either equal to
unity or zero depending upon whether I is equsl or not eguel to j3 that
is

oxF O _ ¥ $¥e1irxey
ox  oxfin %y i I
53»9"1m#3*

These are called the Eronecker dsltms; they may be geoneralized for k

{2.5)

subscripts and k superseripts and dencted by (22, p. 3)

1, i, aes i,
3 {2.8)
3, 3. eee Gus

If the superscripts of (2.6)are all different, and the subseripts are the

same set of numbers, the value of the symbol is 1 or 1 saccording to



whether an even or an odd permutation is required to arrange the superw
seripts in the same order as the subscriptsy in 8ll other cases its
value is zerc.

in & similer menner
a ---3 (2.7)
g 1 2%?

ox :

B ﬁ‘rmsf@mtim matrices

If ¥ in squation (2.7} is held constant end j is allowed to mssume
-mxg£
successively the valuesz 1 te n, n linear equations in % result. These

equeations may be solved by Cramer's rule; this yields

o
a'ik - cofBotor @f% in -§—§
Dxe - =1, (2.8)

a;;\
If k eud o in (2.8) are sllowed to assume gvecessively all their
possible walues by letting X sssume all its possible values for each

value of k, the following metrix cen be formed:

OF oFr ... 0%
Oxé aazz ‘ o2
- ox_ Jx_ veee SE. {2.2)

m**xdgﬂ Wﬂga;ﬁ e Wa‘in
ox x dzr'

This matrix is knosn as the holonomous troemsformation matrixy it is used

in the definition of & Lensors



wlBew

Bimilarly, equations {z&} might heve been solved for the inverse
funetions Wé&t and the metrix
0%

(o2 oo
"‘3'.;1‘ "3? AT T d‘fn |
g% | Jx>  Jx® _ox% 2 ' , .
[d:x ] TR o TTTTUTLE | (2.10)
oxt  _J=t g
oF o T e

It should be noted that the trensformation meirices of egustions
(2.9) and (2.10) belong to a group; that is, the matrices end the opsre=
tions to which they are subjected satisfy the following four conditionss

{1) The product entity € of two sntities 4 B belongs to the same

groupe.

{2) The products of seversl elements obey the associstive lew of

multipliention.
Aot C = fo(BC) = (0B, ete.

{3) One slement of the group is the Tunit element™ so that multie
{4) Esch element hes an "inverse element™ so that the produet of
an element snd its inverse is the unit slement.
Thus the whole theory of groups is immedistely applicable to the transe
formation mamtricesy this mskes possible the subdivision of complex probe
Jems into several simpler problems.
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B+ Ivnveriants

_Aseording to Yeblen m&ﬂm p. 14) "an object of eny sort which is not
changed by trspsformation of coordinetes is called en inverient." As
examples, any point, any set of points, snd sny point Tunction are
invarisnts. o

If a point function is represented W% o(x}) 1n en 2! coordinste
. system, end by o(x*) in ﬁﬁ%ﬂw coordinete system, the point function is
" called en sbsolute scalar, cleerly en invarient.
In suceeedlng sections & more generel class of invarisats, having

seversl components in esch coordinate system, will be considered.

8. Contraverisnt vestors
2

b
The n differentials wﬂw of the n coordinate variables ﬂw. the X+

being functions of any » independent varisbles ﬂwq are given by the

equations

& . EESpy (2.11)
& =%

neglecting infinitesimals of higher order. Sinoe these mﬁﬁ&wgm are
lineer in the differentials, sny transformation of ccordinates is loeally
| wwwﬁk.

The abstract object which is determined by equetions (2.11), and
whose velus is independent of the reference coordinate system is called
e contravarient wectors the n differentials are called its components.

In penersl, the sbstract object whose n components VJ(xi) trensform from

the x1 system to the %* system by the rule



) Bk

$(”i , ..,Q,Ej a, s
X ) = axa v (x }g (2;12}

-t

where the %:*-&-' are components of the transformation matrix of equation

(2.9), is éai’im to e a contravariant vecbor; the reised position eof
the indentifiecation pﬁﬁ%ﬁﬁ&ipﬁ on & conpoment ls used to indiecsbe the
‘aanmmimt charaster of the component,

Te Cowmriant vectors

Tre n partial derivetives of a scalar point fumetion ¢(x}) with
respect te the n veriables 'Ei(xi} are given by the rule of pertial dife
ferentiation

~a@ - 09 . Jx°
dxr  Ixd | o=’

{2.13)

where terms of higher order then the First in the infinitesimals ure
neglefsf;eﬁg These partial derivatives represent the components of the
gradient of g«

The abstract objeet which is determined by squations (2.13), and
whish is independent of the reference system iz ocslled & covarient
veotors the partial derivatives are its components. In genmersl, the
abstyraet objeet x whose n conponents ﬁi(xi} transform from the x> system

to any T system by the rule
' - " a
TG = talxh) ”"3’:"—’5 (2.14)

is defined to be & covarisnt veotor; the lowered position of the
jdentification postsoript on a component is wsed to indlcate the covariamt

charecster of the component.
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B. mfm‘&im of & 5&&&1 tengor

The abatract inveriant object whose components in e coordinate

sysm x* are denoted by

aa - %8 54,. . ’
i‘g: h?**'@t %s’ o {2&15)

where each of the indices talke succoessively the values 1 to n and yleld

a{T*8) compenents, and whose lew of trensformation is

« . =4 b
?1’ 1onue s"'ﬁ ‘fa'“‘z'“ 8, X new ax ‘ azg’i {2.18)

r dxb'
3y Jewes 3y b by ees Be ok a; ’ ();3( - dxVs

is defined to be & mixed tensor of ordeyr r + 8. The temsor T is contre-

warient in r indices and coveriant in & indices, as indicated by the

positions of the indicesn.

Ordinarily, formuls (2.16) yields n{""‘) independent components.
Sometimes, however, a portion of these components are equel in absolute
velue and a%imr e definite symsetry in two or more of thelr indices of
the same variance charscter. It is customsry to distinguish between two

cases: (a) symmetrics (b) asntiesymmetric.

The symmetrie ecese implies the sguelity of all the components deduced
from the indices of symmetry by eny permutation of these indices. Feor
example, the fourth order sywrmetric contravarisnt tensor T has couponents
obeying the following relationships:



] T

B e

I | il | gtk o

(2.17)

In the geneysl mmtiwsymmetric cese involving m indices of antiw
symetry, & more eareful exemination is required. A chosen permutetion,
such &8s 125***n, must bo used as & reference permutationy all the per=
mutations dedueed from this reference permutation by an even number of
exchanges of f;ésa« indices are ealled sven permubationsy all the permutew
tions deduged from this mﬂmw permutation by an odd number of ex~
kaax%g,a'a of two indices are éalhé odd pesrmutetions. Complete antiw
aymvtw requires that even permutations conserve the sign of the come
ponents, and that odd permutations reverse the signj components with two
identical indices are @@sa@mtly sero. For exsmple, the Tourth order

mmetric contravariant tensor T hes casponents obeying the followse
ing ruless | |
g«i;}kl L S fsim - - 3.133;3: . ?ik;jl’ (2.18)

P L3333 L o) ete. {2.19)

Algebraie combinations of tensors make possible the comstruetion of
further tenscrs from given tensorssy therefore it is reasonalle to expect
these principles of em&émkim to be importent in spplication.

The sum of two tensors of the same verisnce character is formed by
adding corresponding um@zﬁm; If R and 8 are two temsors of the seme

order p = {(m + n) end the seme varience sharscter, then their sum is given by
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Ay vox Bm R By, g ‘m
T b 3 B * 5 i 2.420)
‘b( L 2 h b - h bﬁ L 2 hn ( * )

The tensor charsoter of this operation is easily demonsirsted by & tramse
formntion of tim conmponents to e different ccordinate aystem. If in the

| Eew -

now warﬁimm zg';m?ig’ e component of T is rﬁmmm by"f# eve J.*

‘ ?i-l . x ax 33: éx ““ dx n ﬁ amrf ",
R TR T O R T R e b (2.21)
ai;i‘ " ..é....,;im %D x> 8y was Bun |

";‘jsb ces B,

-

am
Ix>”
x *‘ - im& sﬂq L ‘Wl

& et Wm”‘ml i '-3%3." Ebl sex B, b aea b,

Thies confirme the tensor chorscter of the sume

The contraction of & *&»_éxwar cen be epplied to any mixed tensor or

its eguivalent. It is formed by setting a contravarient index equal to a
covariant index end performing the indicsted surmstion, vﬁmmﬁim re~
duces the arder of the tenser by two., The tensor charseter of this oper=
- ation is essily demonstrated by starting with the iafmiﬁim of & peneral

mixmi tensor
?1\ i ‘”'i""w 2 a;&m axb‘ m o By . {2 33)
él 32 ‘*3" ax;gimw "'axg T w’—-g E b 2 22"

A contraction with respect to two ﬁ.néim of opposite varience cherscter
ie then made, This cperation yields



-l P

.%.i\ ipew du a‘;zi e d’ifif'? _axbf s OxD" 8 eun B
A B P e - M NP
B 3??*“ a’i‘im 33§2 63;}3" ’i‘g‘ e ;m
&, % ; D, wee O,
Oa, daf x5y i

E
xv

ag‘ia ) a.;im é:cbg 7 ax " B sun By o 3
gt o o g e b

-

hence :
1,5 wes i"‘n ﬁiz*'** i",'"
T3 een 30 Ty ees 32

& tensor of order (mn-2); therefore the demonstration is completed.

(2.28)

The product of two tensors of sny varismoe character has by definition
the components

.vi| Lt iki; f i‘liﬂ Ti' R ik f}it e iq
J| .. jn ao Lk js :}‘ LR 3“ 30 WWE ,‘}:

(2.25)
vhere V is the product temsor, snd T end U are the compoment tensors.

it is obvious that the resulting tensor V is a tensor of order egual to
the sum of the orders of T end Use This rule provides & method of forming

tensors of higher order from vecters or tensors of lower order.

11, The quotient lew

& multilinesr form is considered to be an invarient expression in

several wvariables end to be representable, in general, by

n .
= . » - E 3" : 7 E = 2 2 e B3
1 E_..,;égi' sow 1,3 ese 5} T see fj’"’ Ejl : ﬁjr {(2.26)

3‘ LT 3,.
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The coefficients of such en inverient form in the veriables TV, .,. Tiw,
&nd Uy, ess U, form & tensor with & varience charecter opposite to thet
of the product of the varisbles; this stetement is kmown as the gquotient
law, .

Since equation (2.268) represents en Invariant, it hes the ssse wvalue
in sny voordinete systems In order t¢ chow thet the coefficients
AL aes 5,3, ave J) 6ra tensor componemts, it is only necessery to show
that the coefficients transform in the seme wey as the couponents of a
tensor. If the multilinesr forw expressed in the variables =t is eguated
to the multilirear form expressed in the variebles .mm. 80 that

> Al ees 323 eee B TH oL, T Uy, oee Uy =

m._ Rt u.i
.M_ LS S awc. M&AN«%W

M NMW. o E ] W}N. - H.. W%_ - %i &H LS ﬁwﬁ
k oees Xk, ' *
H_ - M{

end if the new weriables sre expressed in terms of the old by means of

the uwsual transforzation feornmules zo that

i . N - 0E .4 ox " %,

F- wn T U, ens T, T s Ok SRR » T 2.28

2 At cen B vy vy 2 DS et T ()
oxd o oxdr
T

then by eguating coefficients it is clear that

O Fgad gl ;f
A M% N ..}SM{‘ " m%tﬁmv
= ok ox " Ox ™ dx "

Egustion {2.29) is the sesw &s the law of trensformstion of the components



23w

of & tensor with v contraveriant snd m covariant indices; therefore the

A's ure components of & wixed tenaor

Jiese o gbiens LIOES 0 Jxd | oxdr

— -y S —— e W—I
i ene 1, B wwe k, ox R dxi"‘ ax X

(2.30)

of order {r+m), thus completing the demomstration. This guotient lew is

very useful as & criterien of temsor cherscter.

12+ The decomposition of & tensor into symmetric snd sntlesymmetric perts

All tenmmors are sither symmetrie, anti~gymmetric, or e combinetion
of the two with respeet 4o any two indices of the same wariamce cheraoter.
This ean be demonstreted by making

{2.31)

BBy ve Bu 1 [ 808, wee B 0B B ses B
&b| %2»&!! %pﬂ y (T’b‘ bzla’ h * {r,b g‘a £ 8 2 }3

& component of a tensor &, symmeirie with respeet to two indices &, and

&, 3 and by maling

By By wen "‘1 1 By B, ans Ba 2By ane &, <t
b b aee b, 2 (T‘a b, ans b, Ta BB, eae g) : {2.32)

a compment of & tensor A, satiwsyriebric with respect to the seme indieces;

then by adding the respective components 1t follows that

8, R, suw &, B, 8, s & 25’ |¢2%9m ﬁm* B, osww
%abaab*% *5(?a ‘?’7 'b

|E}2-h‘§& i}p § e ﬁg 12}2 -
1 By wew By 8 suw ﬁ ame 8
* L ! ‘ " 2w
§ ( b sni b ?‘zbz %ﬂl ?ﬁ zan»ir b ¥ ( 3)

thus the demonstration is completed.



18, Exterior products

The components of r n~dirensionsl veciors (r <n) having the seme

varisnce cherecter can be arranged to form the following metrix (2, p. 41)

bt B% s BB (2.34)
R YR

S.”i 3‘2 wunnw Q'x:

From this matrix & completely entiesyonmetric bensor, known as the
exterior predect of the weeotors, can he formed Lys
(1) Choosing & group of r numerals afY ,...€ from among the numersls
1, 8, eses I, with or without repetitions
(2) Forming the determinent

8% 88 s.in. 8%

e BF eae. BY

RS BEEEESRE -e®

ro 3‘6 . f’g

which hes for ite first column the a columm of the tableg for
its second column the »aalm@ s otoa.
(3) Setting the determinant thus formed egusl to & component of
the tensor ‘?, where
et af ... nf

; 0‘@ oe oY EE SRS EE SRR SR T .
T HEREE WD " (2.38)

o 'f‘B PR f‘e

The two well known theorems of determinant theory - an inberchenge of

two rows {or columns) of & determinsnt reverses the algebrais sign of the
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undergoes & shange of value when the reference sxes are chenged. This
change in value of ¥ under & transformstion of coordinetes will now be
demonstrated.

The transformation formule of the components of the tensor € is

given by

mpame* "gf.‘f‘ e ""3"";"; T &b eus m* (2-‘&%?)‘

How
.@g’g B +¥  {if eb...n is an even permutation
B of 12esem,) (2.38)

and

€ A ® w5 (if an odd permutation). (2.39)
R - w=uw 0 .

When these welues are substituted in eguation (2.39), the fellowing
reeull iz obtuineds

o

¥ = Cog - . 0% &x, , o |
AT - —— A S——— 280
120mm 8be.amel  Jdxl dxz ox* - (2.40)

The sum of the terms X 4= wes _,,Q:iﬁ jz made with & + sim or a - sign

ox* Ix®
following whether the permutetion is evven or oddy it is the same as the
i
definition of the determinent of “%%! It then follows thet
-

0! oFt  oF
ot o o

=2 =2 |_ -

- |9F L2 LR R AT, )
Ixt ox Jxn
IE X ... 0%
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henoe the demonstration is completed. 7 is called & scalar density.

16. Scalar capacities

Sealar capacities ere formed in the ssme way s are scelar densities,
the enly difference beinpg that the starting anti-symsetric tensor is

sontravarient in its indices; thus a seelsr capeoity ie given by
T= AT , (2.42)

where T is the scalar capaeity end /\ is the inverse of the determinant
of equation {2.41).

17. Tensor demsities

A tensor density is defined to be the product of any tensor snd a
sonlar density; for exemple,

*‘ Lk gm‘ ~6‘ [ S & ‘."‘ e aem)
Lb, gee b, L b, (2.45)

where § is & seslar demsity and ?" b g"‘is & component of any tensor,
£ & & 3

is & tensor density, end not & lrue tensor, m' suthors, however, define

tensors in such & wey thet they can include as & weipghting factor a

scelar density or cepscity (22, p. 22).

.. e""V\

The formuls of transformation of Qﬁ"

ews by is ziven hy
By ewa By -l = a”i ! ax a:&' wss i,
ﬂh“** 1,3"” A F ) “&‘ - a *-"h"{ L X " 3 S j“
v ax &X (2’4&}
~1 OFL . 5 a»g». Ot mﬂi. wes %,

=5 e d=" dxH *“W 3yeee 3%



ﬂj‘ P 1.",“ bf?il _r e i‘ {3«‘@5)

cae 3o L TG eew 3,0

This transformation proves that (L is not a true tensor.

18+ Tensor ecspscities

& tensor capacity is defined as the product of & scalar cepscity
end any tenser. I

;‘fq wnw By - | woaw Bg, . .
(Db‘ t = & 2 i;n ﬁcgg‘ R 3 b ‘ (g‘és)

represents such & tensor eepecity, its rule of transformation is

Gq L2k J am b*ﬁ' a“gﬂ axa' dx " | *Ew im
@ B, ses b, * Afe B, " xﬁq v ;3. s wim?.; ses Jn

0
- A ,_égz.‘ es T ox _.232"’5 i ere dm (5 49)
03#' d:h" a‘ii\ 3‘ L E 3 §V\
. ...ts- - i \ & - i. . . ] )
ﬁﬁ&” ms e 3 - T? - 3 ; » {2’48}

this i:r&mf‘mtim yrovea that © is not & true tensor.

An importent aﬁamqm&a of the definitions of tensor densities and

tensor ecepacities ls: the produet of & tensor demsity end a tensor

oapacity sives & true tensor, This can essily be demenstrated. The
extra factor in such & product of & tensor density and é tensor cepscity
Eﬁq, (2+44) &nd Eg. izﬁé*f)] which might prevent the product from being e
true tensor is

- =

¥T= ALY

)

= IT = true sealer, (2 .49)
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from which the tensor charscter of the product fellows.

12, The volume &lgmat 88 o sgﬂ;_i:ax* capacity

The exterior product of n infinitesimel vestors Oyx ,0 eesss §x
is given by
81&0 5136 -y 8 1xl—'- '

EE 2 S S 2 2 2 2 2 RE S 2 N

sv* "*“""'*'Islﬂza Ogx®ers Opxb “ "

. ' oy xb O xH
+3T . {even g&m@&ﬁian?ﬁx n* n"
= 0 - {two egual indices).
= 3T = {odd permutetion) .

{2..50)

This determinent yields sn element O of the sealar-capecity type. The

element is the infinitesinmal velume of the hyper-parsllelopiped constructed
. from the infinitesinmal vectors.

The trensformation formula of d is given by [Eq. iaﬁ&a)] :

3T =AST 3 (2.51)
this eguetion is egquivalent to
" T . 1 omy )
axt o ., P e OE_sre XDl en {2.52)

a(&i e B

2 ] e, 18 the functionel detsrminent. It should be noted
dc& wew K }

that no messure of volume capeelty hes been introduced.
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~ 20. The surfece slenent &s an anti-symretric tensor

An element of suwiece can be represented Ly & sscond order entie
symetric tensor of the exterior product type. If two veotors Oyx and
2533: form the sides of & surface element, then the tensor whose components

Bxe g
@gx‘l 521:

8§5% =

= 8yx® Jyx = O.x 5gxa (2.58)

has 2 velue egusl Lo wim the ares of the surfsce slement. This surfave

eloment will be used in Btoke's theorem in & leter seection.
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i1, DIFFEREY

All of the farmulss which have besn presented in Chapter IT heve
merely required the existesnce '@f reference aaar@izmba systems in an nw
dimensionsl menifoldj; they heve s yot been plven no geomebrical interw
pretation or significences. The ixx%@émtim of & few edditional postulates
of mensuration and representation will glve peometrical signifieance to
these formulas; this imtroduction furnishes the basis for a universal
geometrical lunpgusge oy method of reasoning; thereby divers physicel
problems cen be expressed in the ssme langunge. Aralogous egquations of
various origins cen be visuslized and interpreted on & common besls -- the
propertiss of 'l:‘.}w various types of ourves, surfacss, end spaces being
iso~morphic with some physicel systems. The applieation of this wniversal
language to physisal problems ?&wiﬁs in & “"geonmetrication™ of physics.

In the application of geometricel methods to physiesl problems it
is usually necessary to idealize mature by making sertain simplifying
asgumptions. The extent of the essumptions is almost an inverse measure
of the eomplexibty of the geometry required to represent 8 given problemg
therefore muny assumptions are ususlly required for complex problems.
Almost instinctively the physicist will meke the necessary assumptions
for the appliecation of Buclidesn methods to & piven problem; often satise
factory results are obtsined. There are some problems, &Mmr. which
are not aceurately expressible in such a eilmplified form. It then becomes

negessary to sadopt one of the more gemersal, and usually more complex



geometries for the representation of sueh problems, 'The suceeeding sections
of this presentation of tensor theory are chiefly concerned with the

wagwww non=Riemanuian and mwgﬁawg %@%&Wﬁ.aw which ineclude most other
geometries as speciel ceses. Before taking @m these peometries, however,

it is desirable to elicit some conception of what is mesnt by SpEoe.

1. Xinde of sgpoces

One of the major problems of philosophy 4hrough the ages has been
thet of determining what speee is. There seems to be no such thing as
space, but only spaces, beceuse there is associated with the notion of
apace so g different ideas (18). Psychologically, space is only e

mode of sense perception. Huch & spece (or spaces) is & private specej

it is non-isotropiec, discontinuous, and of uncertain dimensionality. Por
the seke of human intercourse, however, smphasis is m&wﬁﬁw on & pubtlie

or physiesl space; physical space is & mental abstraction of privete

 Bpace. Fhysioal space is homogeneous, isotrople, thres-dimensional, end
Euclidean in its geometry; it is the space uwsed almost inmstinetively by
the physicist. 7This spaee is based upon the operational notstions of
space~intervel or “"measuringestick,” and the equelity of speoce intervalaj
it pomsesses those properties of rigid bodies which sre independent of
their material content. Then there are the geometrieal spaces of the
mathematician, Geometrical spaces are of great inportance in physical

the 0¥
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non-Riemsarmien affine geometry these two classes of phenomens stood
separately. Weyl's work meore clesely spprosched & complete unifieation

of gravitstion snd electromegnetic phenomena then had the work of

Einstein.

Weyl end others recognized thet for an infinitesimel geometry to be
in agreement wit;}z nature it must be besed upen the fundamental conception '
of infinitesimel parallel displacement, instead of the finite displace~
pent of Riemmmmisn geometry. 7The Riemmupian geometry &#@m to retain,
probaly due to ite socidental origin in the theory of surfaces, an
elenent of finite geoweltry. The metric guadratie form permits comparie
son, with respect to length, not only of two veetors at the sewe point,
but alsc veetors at different points. But, according to Weyl (25, p. 208),
"a truly infinitesimel geometry must recognize only the principle of the
transference of & length from one point to another infinitely nesr to
the first.® This statemsnt forbids the sssumption that the transference
of length from one point to enother at e finite distence is integrable,
even as the trensference of dirsetion is none~integrable. 2 truly
infinitesinnl geometry, inm Woyl's opinion (25, p. 203) comes into being,
which, vhen epplied to the world, unites grevitetion and electromegnetie
phonomens. in & theory in which "all physiosl quentities have & moening
in world zeometry."” The structwrse of this geometry is given considera~

tion on swoseeding peges. Both Weyl's and Riemsnn's gecmstries are

special cases of the nonelismarmisn geomstry. On sceocunt of thelr
phyeieal sipgnificance these metrical geowetries are somstimes called ”ﬁﬁtunl“

geometries { 5, pe 362).



=0I3UT 03 AI989006u SOWOOSY 3] *JI08ueg B Jou 87 Awm [BaSn BY3 Ul pewdcg

eatjestlep [weilaed euyy #&@mwwoﬂm&, fppen w yonE Jog Prisa ﬁ@ﬁ 81 uUollowasqus

pue %ﬁ%ﬁ a8 I0F uwﬁ su3 yeuy suwen STl fsqutod JUSIBFITP OM3

%498 SJUILOLIFOO0 ﬁaﬁ%a%mgw& FUSISIITP ARy J0sual ¥ Jo sjusucduods iy

*{exewnd uy *posvdwos e jenm ¢,g pus g *squred Jupzoqudyeu omy 3w Josuey
oYy jo senyea oyj "Josusy v Jo ealymaigep yeland eyy eupjep o

| “SOATIMATIOP JOSUS Jo UOTIWIIOJ OUI Y

_w&ﬁﬁﬁ% SY3 SULJOp JENW 0T young *0I0%7 Yowoxdde of POMOTIY 91 FULUWILC

~U SYL 8% SFVUIPIOCO O JO JUCHSIOUT <y Aq POPIATP *JumleuULO peuTuy

wHIBE 8I8 SISUGO % STTUR TeelenIpiocs @43 JO U0 W[ SLELISU} [[wLs B

03 anp sgujed JupdoquiTeu oMy TOGMISq TOTIPUNJ U JU ONINA UL JuensIouy
8yq Jo JFTEIY 043} €W POULJeP 1 WOIIOUNY ¥ Jo sATFeATIep [vigswd vy

U0 TIVTRUOLSTIT P J0SUSY SUIFOP 03 IOPI0 uF ez vrmysed [vwoITPDPE we Jo

WO 130 npoL3uUT oYy Adussecsu seywu 309 1y fuwopyrsod Jo suoiounl edw 3q

83UN3STUOT JOU BaB mmamw éﬁ«i.._ S3USL 0T I000 WOTRREIOISMNAY BYg Tpeonpoajuy

g.ﬁ BOXE JVOUTTTAINY Wy Juyg ruIulndfes LALBUIpXo Ul S8 wﬁﬁwﬁmgﬁ

=310 Ayegedsdes edw sjusuodmod snoidea ouy furog eordwre Lres v sownsgy

ga313uwend Josueq JO WOTIETIUOASIILP Jo morisiedo euf SOMI SOUSISISX

weisegdn) y3zim sowds supyie wy ~eownds syy Jo suped fuw o3 weryyyusnd

8y} FUIPITS WOAZ BILUSOX WIPY OU . gouBL) ooULJeJed UBISHEIe)y Jo omed

ey uy Tyinoyzye Tecwds suz jo juied w oy peyy Lyesoro “ruseus? up *oxw

se(3irwend egeyr +e0uds SUTJJe JO J04084 THOTSREW-UOW OUY Wl SOWEOTITU

=318 aawy suoljeses suoiasad oyl Jo S633i3uwnd Josuey 8y JO IV

SOATIBATIOD I08Ue3 JO US13TUIIOP BU U FUNTIWOeAd PUW SSYITAOTIIIG S

~pgm



duce & postulate of comparison before & covarisast derivetive operator,
whioh, whon applied to a tensur, furnishes & derivative which is & true

tensar, can be defined.

4. The

mmm af ;mil@}g :ﬁa lﬁ.mni; and the a;f‘f&:w emnaa%sm

eyl (25, pe 205) hse shown thet it is possible to introduce the
mmt derivative operstor without specifying a mtrié a8 wae previousw
1y thought necessary; the cholce of & metric, however, does permit simple
definition of & covariant derivative. |

In order to define a cowsriant derivetive, following Brillouin (2, p. 76)
who uses Weyl's method of appromch, it is first necessery to transpert &
tensor defined at ome point P %o a mig;{hwiag point P*, Starting with
a vector u ‘ixi} which is defined &t P (x%, x2, .... %), the condition
for its perallel displacement to P* (x} ¢ Ox!, c.e. 2@ + 0 28) will
be defined. For some particular reference system the numeric equality of ‘ |

the components ui‘

of u at ¥ and P* oen be admitted as definition without
loss of generality beceuse this condition will no longer be realized in
another reference system. This condition is sssumed reamlized in the

coordinate system e 3 therefore

“ﬁgfiﬁ + 3% - WEY, (3.5)
The subseript D stands for a displaced eveluetion. If both sides of this
eguation sre trsnsformed to any other #ﬁ@ﬂﬁmi&ﬁ system xk, the result ia

that
1

. ox - '
wh(s) = 7= () T, (5.4)



BB

0%
a{x*b}wm“{xtﬁx)ua, (5.8)
ox ¢

where -3%3- {xk); and nﬁ% {z;k * Sx‘k} mean that these transformetion
coefficients are funotions of x= and (:a‘:k + O :gk), respectively. By
utilizing Teylor's expension theorem, agﬁzk + xk}' cen be expressed in
terms of the value of ul(x*) end the values of the partial derivatives
of uf“{mk} 8t the point P, This operation yields, neglecting the higher

torus,
up(e + 3 x¥) = o (x¥) L dul Ex%‘. (3.8)
Since
wh(xk) = LE {x"} e, | (3.7)
it follows thet
. a;;‘% o (x1).  (s.8)

The substitutien of {3,8) in eguation (5.6) yields

8339* 0% 1
XX O | dxK 0=" (3.9)

}u;;{xk + 8x5) = i)

or
+  5x5) = wi(xX) + ot 8 K LEL Ox° ax -
%( ) 353‘ d’i’?a dx a:t a;;:
uﬁi‘x%g’} - L; W Sk . (3.10)
where 2 4 o~y g |
Ifm - o “x dx  Ox (3.11)

3L 3%% o oxF



- P

i f
1y, oan be shown to te a non~tensor quentityy it is celled the affine
comsotion. It is assuped here thet the order of differentistion ia

irmaterialy thet is, thet the symoetry

o=k e T (3.12)
| i | i
where 1"y is the symmetrie part of 'I.%, sxists. Thie sesumption renders
& great simplification in meny f@ﬁw};&sg but it is not necessery.
Equeations (3.11) rive the conditions of parsllel displecement of @
veotor ut 3 thet is, ﬂwg give the value whiech the wector u evalusted at
P assumes when it is moved parallel to itself to Pr.

’fh& vory particular coordinstes in which the components of the
vootor u are equal at the two points are called geodesic coordinates.
’ii‘haraa is an Infinity of gecdesic sysbems for infinitesimal &isgi&em#t&;
in fact, any erbitrary lineer transformetion of coordinates whieh involves
eonatant eoefficlents of transfornation maintains the equality of the
componente. These various coordivetes mey have different curveturesp

but they are still gw&@aiﬁ coordinates for sufficiently small displocenents.

Ea Gcmrm% derivative of o wc"mr:

It is now possible to define & covarient derivative which ylelds =
tensor of lower order. The true inoresse Dul in & compoment of a vestor
u betwsen two netrby points P end P', is equel to the velue of the vector
8t the end point P !@‘ii’ﬁﬁ# the value of the vector et the initial point P

mmmﬁé&, to the emd pointy thet is, tﬁe true incresae
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e 0

; i
<—§.;-¢- r@@)%*u (mﬂiﬁﬁﬁ m)mﬁv + -§ {é*iﬂ}

is obteined. From eguetion {3418 it follows that

1 _
- rﬂﬁ{ um ?i R 3% flﬁ ?i_; {3:1@}
or
rik - B;kg (3.20)

where the affine comnestion for coveriant differentistion is the negative
of that for Q%ﬁ?&‘@ﬁri&ﬁ% differentiation.

The coverisnt derivetives obey the same rules of products, sms, and
mwfcﬁm as do ordinary derivetivess therefore these rales will mt
be repeated here.

8. Covarient derivetives of tensors

1 (u' v;) is used in equetion (3.16) instead of u' v,, then the

sguetion

5&*??""3}, - (du_i +
D 9

_ oty o 5 (3.21)
w»w-—-»-ag——»- = T7 g7 v, IV gty
ox e 3 mk 2 #j
js obteined. From the rule of formstion of tensors PBg. {(2.26) it is

olear that (ul v4) is & mixed tensor of the mecond order; therefore

(st oty 3



Thia method of forming rules of tensor differentimtion cen be general-
ized for the product of P wectors or for & peneral mixed temsor of order
Ps The ruls for formation of the covariant derivative of the tensor T

with components Ti‘g”:i oen be expressed thusi
EE TR ¥

?ﬂﬁ}c:tm{?

1§ us ok

' Sl s enll o
* * e )
r@l Tiﬁﬁwfk ‘ "+Pm}; B 5 O

Bl

[P gStesse  m mbaees
. 41 ﬁ’}jgunk r jl TR, e

m -1 " ‘
®. B.23)

7. Covarisnt derivetives of pgeudo~tensors '

In order to determine the formuls for the covariant derivative of &
scalar denslty or capsclty it is convenient to siert with either s
produckt of & soaler densily and & contraverisnt vector, or a scalar
sapneity and a sovwerisnt veotor. The partial derivetive with resrect to

x of the wvector density
X R S (3.24)

is first formed. This derivetive iz given by

&  Ja®) _[x oa ouX
s il £ WP RR =N S0 [ 328}
oxk a?l (ﬁ o ax‘*) (2.28)




If it is assumed thet the true change DuX in u* for a parallel dis=

placement is sero, sgquation (5.14) gives 4

“""‘g RS o {3.26)

The substitution of thia result in eguation (S.;%} produces

k , ,
Oa" .3 Q& 7 .
- Al—- N Sl (3.27)
S Tk T AT
Since it is permissible to ini;era%ng;e the dummy indices, this eguation

is equiwvalent to

" |
A | ‘
% - "%‘;ﬁ' - AT g) . {3,28)

 This partial derivative is & scalar density becsuse there is a
contraction of the indices. The components o represent & contravariant
veotor; therefore in order that both sides of the eguations be scaler
densities, the term in the parentheses must be & coveriant veoctor density.
This result yields the following definition for the covarient derivative
of & soalar mwait{y%

% = u....gg‘& -AT D .  (5.29)
Bimilerly, for a sealer capecity

P2 .2 (5.50)
bE o m |

After the coveriant derivatives of soaler densities and of scelar

cepeeities have been defined the voverisnt deriwatives of tensor densities



el

and of tensor eapseities easily follow by the customary produect rules of
differentistion end squations (3.28), (3.28), and (3.30). The coverisnt

derivative of a tensor density T is piven by

r’ aBlssee D Desat
BxL Qi;}anét = mi szwﬁ

é_ BB esel s 8 ,.gub““'%ﬁ_ o
a‘axi—"‘ ATy 3 *AE-v i &g:j”.k + eees

o ghbesom| Y. .0
I_;i ﬁj*’*k‘_ -4 r?& ?13 PR - ¥ sane

L

‘ BDavat | 4 m *bwqwﬁ

v a 28baset —ﬁ- Wi »wall .
3 ""a'x' g ?iéﬂie’k * sz ’iu;g"’k . P

[ 32 P, - _m gabnmgﬁ *
T8 Tigeouk| ™ |Ti1 Tmiseax

n

- o .

vy B e on i (3.5
where the D over the T is used te indicete the tensor-density character
of the component.
A sirzilar result is cbiained for & tensor capeeity. The only dif-
ference bebween the derivetive of & tensor density and tensor ceapesity
is thet the last term + z—:l $5500e8 of equetion (3.51) is replaced by
..r":i %ﬁ::j, where the C over the T represents tensor cepacity character

of the compement.




)

LS

8+ Absolube derivative of & gﬁw% |

Soustimes ﬁwa ané%m%wmw. &m s mobile point »ﬁ a space of r dimene
sions is wumunmﬁmm &s & funection of some paremeter t. If s ag@ﬁﬁqgﬂw
veetor u is ctrried along ﬁwww the peint, 1t may be desirable ,na deternine
the true awﬁwﬁ& pud of ,ﬁwﬁ eomponents of u ﬁw&w u is subjected to a

parsllel displecement duve to & chemge in t. It follows from equetion

{3,13) thst

, ,3%@;&? of the ebsolute or intrinsie

dorivative of the wveotor .

9. “Geodesic lines

The yeetor u of equation (3.32) might be given ms the velocity of

‘the mobile pointj that ls, it éw& te represented by the components

i
mwm, ] %&uﬂ - , . nm.ummu

In this case the sbsolubte or intrinsie derivetive would give the true

absolute moceleration of the mobile peoint; that is,

i EE (3.34)

ﬂgwm be the true @w@@wﬁgawﬁu Por the motion to cocour at constent

mﬁw

i vgw equal zeroi then

gwgw&? swmﬁ
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1f equation (5.57) is mn integrable relation, then it must be true for

eny other path PHQ, For the path PBQ
) + ¢ v&xk.‘ : (3.58)
Q P k ' .
| PBQ |
It is clear that the line integral
oy moh = |8 & (3.39)

PP1AQBP
must vanish for integrel lity. It cean be shown that for this integrel

to be zere that f, must be the gradient of the sealar function ¢. For

this demonstration it 1z desivabdle to uvas Stoke's Theorem.

1. Btoke's theorem

Stoke's tiporem is & very useful theorem by means of which a line
integrel arcumi & closed contour of & surfece is expressed in terms of
an integrel over the surfece. A covarient vector funotion with components
fy, and its first derivetives are assumed continucus end #inglw valued
over & surface & with 8 contour ¢, The line integral of this fﬂmﬁiﬁm

E k G .3 o

The surface § which is bounded by o cen be made & part of a two-dimension-
al ooerdinate surfeace by the proper cholee of the coordinste system, If
i ' o -

X  is the new coordimate system end '5:'1 and ;g are the wriable coordinates

en the surface 8§, then the remuining coordinates ?23, m.,?én are consbents.



The surfece 8§ can now be divided into small elements ABCDA formed by

the coordinmte lines. Ab ﬁ&’i}; the vector has the components F1 s Ip

in the new coordinete systems The line integral of £ arcund ABCDA

(treversing ABCDA and © in the seme direction) is given by the sum of

the four components

The sum iz given by

T, OF
38_1 —2 0%

e S B s SEAST

O o=

therefore it follows that

i

L L R
a‘i‘i =%

yhere

But

along .&3‘:

along BC3

along Chg

along DA;

along APCDAj

(5.41)

(3.42)

(3.43)



sl T
therefoye

2y, ot
this eguetion is equiwvelent to
8T = g ryy an’l, (5.45)
he factor < in squetion {3,45) is necessary because ds’J) = L 3xd -
mmmgm etion (3.45) is be dsld = Bt 5xd
dxd 5 x E%kg; (2-;58}] s that is, the eree is 'mgm.sazﬁ;gé twies by the
presence of the anti-~symetrie tensor é&ﬁ* Btoke's i;hsmregx‘ is now obw

teined by integreting eguation (3.45) over the entire surface §; this

speration ylelds

1 ”% // "g;;‘ﬁ‘i& . (5.46)
/ | |

X1 Ny

wherse
&f‘; af;i _' ( N
the eurl of f. Bed8)
"ot om ”

Eguation (3.47) is known ss Stoke's theorema

12. Integrability eonditions for parallel displscement of & scular

By mesng of Stoke's theorem, &»qﬁatﬁm {3.39) can be expressed in the
form

A 13 « ae}
G =eq =F Ty 08 3, (3.449)



wllim
In order thet ¢ Q = Pge venish, rié must vanish« In order that

ofy  of,
Fa3 = a;;f" ‘aé”ﬁ - (3.50)

be setiefied, f; and fﬁ\ must be the components of the gradient of some
gsonler funetion ¢ 3 then
ofy oy  ,2

oxt  Oxd  OJx* 9md  Oxd oxt

I r;s is such & ourl of the pradient of & sealer fupetion, then the
line integral s £ éxk is sero, end the soaler function @ has &

unigue wvelue at :&a}a gﬁ&nﬁ; but if the line integral J o D ax® is not
ZETO 4 thsa m’hms of ¢ oan be compavred only in the infinitely swmall region

awm:mﬁimg & partieular peoint.

13. Finite displacement of vector guantities

If the value of & vestor u &t & point P is teken snd displaced
parallel to itself to & mearby polnt P?, the condition of parallelism

Dut = gul + r‘;k @ ax® = 0, (3.52)

s conditlion ylelds the wariatien

dul = ~ I‘i;kaméxk

ik
- fk ﬁ&’ {3.53)

5 3 ‘
where fi* - T wre {3.54)
k4 wile '



The 1line integral of du’ around s finite oclosed peth €, bounding ®
gurface S oan now be formed snd trensformed to & surface integral by

menns of Stoke's thoorem EE&;,. {(5.47)| » These opersations yield the chenge

sut e friare [ .

where
A o ngagi | (3.56)
PR g e W iy 5w }
kb 9K x '

Por integrable treansport, r; must be geroy if rih is not zero, the

integretion is impossibles In terms of fé’, as defined by equation (3.54),
i .

k

kb is piven by

i i _
me aw) ept 21 o (5.57)

By equetions (3.53) and (3.54)

m
o .

28

- T
o i

u m |
%" *rlm u . (5.58)

The substitution of eguation (3.58) into (3.57) gives



1 3
o Ox e ~mh 1h  omk
where N s . .
i [OTmk _dTmn L (3.60)
® "“"‘( T ET T Ten T T
m,kh Ox ox

&# & component of a tensors
The displecemsnt of the vectors will be integrable if the expressions
R are ell gero. The fourth order tensor B is frequently called the

curvature tensor. It cen be used &g a eriterion for the identificstion

of the different types of spacesi Buclidien spsce, for example, has zero
curvetures ’

Just a8 & contraveriant veotor was subjected to & parallel trarsport
+to & Pinite dletence, so nlso ean 8 covariant veotor. The econdition of

parallelism for a covariant vector is given by

Dvy = dvy ~ r*j v, =0, {3.61)
from which |
dvy = I‘z;k v, = | (5.62)
=ty o,
where

Tye = I”I;k Voo (5.83)



“51=

The change in vy due %o a parallel displecement around the contour ¢ is

given by
bt f/ T3,kb as'™, (3.64)
8
where

of of
Th 19
Pi gy Ko s ‘ - (5’5;5)
s " TE TR |

By the substitution of equation (3.62) into equatien (3.85) , end

. sguation (3.85) into equation (3.64), the Pollowing result is obtained:

vy = 43' f[ ?zti & kb (3.68)
] as
372 ) Tsom
: 9 i) i i1
R ===F I =="% T 4 I T
JoXkh ox ih ox" 3k 1k 3n
i 3
- Ir T * (3;5?)
in 3k

As befors, the eurveture terisor must be gzero for integrability; otherwise,

the value of the line integral of e covariant vector is zero. This

statement is equivalent to ssying thet the order of forming the sumfesaiw

covariant derivatives of & wveotor is importanty the result obtained from

two successive differentiations depends upon the order of differentistiomn.
The method of sttack used here can be applied to sny tensor. The

general rule for a tensor of a glven order is obtained by expressing the



wfiZe

tensor in a weetor product form I:Em timaﬁ):l end by using the produck
rule for differentials. |
The RiceleEinstein contrscted curveture tensor ean be easily formed

fron 33’,;:}5* by eontracting the 1 and k indlees to give

1 i
3 orjh oz, .+ _1 i 1 ;
3 . - “ el * I - . , e
Ryn ™ Ry g o ob . T T T Ty Ty (5069

This tensor ls used extensiwely in relativity theorye.
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gij == gj g {4.2 )

therefore only BT of n? components are independent; that is, g;4 is
# symmetris tensor of the second opder. It will later be clear that
this symmetry jJust meens thet for the case of rectilinear axes, for
fmgia, that the ecosine of the engle beltween two components dx* and
dxJ doss not depend upon whether the retio of the projection of ax' on
axd to éxj, oy the ratio of the projection of dxd on ax! to ax! 1s

taken as the definition of the cosine of the engle between them.

1. Fundsmentsl properties of the metric tensor

The components of the fundemental metric tensor can be arranged
in the talular fam

1 B ssse It

1 [B11 Bip wees E1p| 1
l 821 Bpp esee Bgn| R

=
giﬁ R T T ¥ T S e

(4.3)

HREEER S ERREE SRR

The determinent of these cum

ponents is given by
%11 glg & ww g}.ﬁ

Bpy Epp wees Eon |
& - |g13l‘4 s S SR TS SR RS RERE 2 {%»&}

IE E S E R ZF R ES S S E R S

&ai ﬁnz rhwe gm
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This determinerit ecan be expended by minors with respect to & row or &

colum to give
€= > 814 63y (expansion with respect to row 1), (4.5)
J

g = iZ g4 G5y {eg:gmwim with respect to solumm j),(4.8)

where Gi.g ie the cofactor of the ith row snd 3%?1 colume

From determinent theory, it is known that
> 613 Ox = 0, and that E Byg Gpg =0, I F X (4.7)
i i

I .
' Ga

then the sbove relstiens osn be emanm in the forms

dk  x_ 142 §=k

£y & b;} 0if 3 ¥k
(4.9)
. gt Kk _ 1lifj=k
£ € Oy oir j ¥k

The tensor gi"j is ealled the fundewentel contraveriant tensorsy it will
prove very useful in raising indiees in leter sections. The determinant

of g’w is equael to the inverse of the deterwminent of Eyq3 thet ia,
gt = ,gﬁ‘ﬁl =gt , (2.10)

2+ The megpnitude of & veeter; the scalar product

The fundamental gmér&tia form ds® = £33 dxt &x:i” gives the magnitude



ds of the vector whose compoments sre dx’. Assoclated with emch point
of & space is & refersnoe ocvordineate system along the axes of which the
components of mny vestor u may be represented., Just as for the ine
finitesiral veetor 4dx, the magnitude of eny contravariant vector u can
be represented by T

|31| » Eij ni uﬁl ' (4;1}‘}
If the weotor happens tc be & covarisnt veetor ¥ys its magnitude is, by
definition,
| BTN 5 ,,
'v| =g vy Ve {4.12)

It now becomes desirable to sssoclate with each covariant vector a
contravariant veetor, and with each contraveriant veetor & coveriant
vectors The associate contrawmriasnt veotor of & coveriant wector has
the components

v« gkﬁ' Yy {k = 1 soam), {4.13)
from which the originel ceveriant form is easily obtained by multiplyiag
by £33 and suvmming with respect o i3 the result ls thet the following
relations existy

i

sgg"ﬁ“ T

a

4= 83 Va {4.14)

In this same way, covariant components or conireveriant components ocen
be assccisted with any tensor. By using the associste components of

the vector, equetions (4.11) and {4.12) ezn be simplified to



5T

faf? =y ' - (4.15)
and
|v|3 = * v, : {4.18)

These leet two equatione sugpsst the scaler product of veotor snelysis.

If two vectors v end v are specified, then their sealar product is

dofined by
{uew) = £14 S

- v = ol vy (4.17)

Bouetion (4.17), in turn, suggests the cosine of the angle hetwesn the

wvectars u and ve From veetor enalysis, the scelsr product is defined by

v l eos (€ ¥) {4.,18)

{naw) = lu

£ 2

In terms of relations ziven in this treeatment, sguetion (4.18)becones

{vev) ﬂ‘/ 13 wtoud vV .gi:} éi vl eos o ¥), (4.19)

Prom whieh
(5 v) = fuew) |
ecos {u v -
i
Jﬁij ugl(s:m *ﬁi
143
e i:i e (4420}
\/{gi:} w @}(gii vt vd)
ie obtained«

Similer relations sasily follow for the two sets of assccinte components

uw; end vie



3» Trensformzetion of the determinent gs the meesurable wlume el a;mw&

&3 3 is & compoment of & sscond order tensory therefore ite formuls

of trensformation is given by

Ixt o™
oy | — w————— Ea. » {4&3}.}
Big T o 0@

The éatemmﬁ of gi 3 ean be formed and expressed in terms of the
determinant of g1y and the determinants of the transformation matrices.
By a ruls from determinent theory,

1 m 1 o
war dx  ox - |9 Ox |
s |5 - o] = [ 5] [ 5] [ae] o0
oy
‘% - Ag; £
where 5 1 3 B&l
‘ x % :
FANE™ el Bl - (4.23)
oF| | o ‘

The resemblerce of this trensforss tion formule to that of e scaler
density is at once spparent. By fteking the square root of the megnitude |

of toth sides of equetion (£.22) e typiocsl scalar density

Vi = Ve (4.24)
is Tormed. »
It has been demcnstrated previously [Eq.- (2449) ] thet the procuct
of a tensor my&éigy ard & tensor density is & trve tensor. This prineciple
vecomos uzeul in defining an element of measurable volume or volume

sapacitys By choosing the scalar density /g of the metriec determinent
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To obtain the dispgonal form of equation (4.27) & new exis x* for
which the megnitude ds2 of its differentisl may be either positive or

negative is chesen in order to derive some guiding principles. The
unity ‘33‘ is dof'ived along the axis 353‘ as : 1 depending upon whether &si

is positive or negative. The pra:}a@%:im of dxl along eny axis xi is

.
axt = 25 G2, (4.28)
oF
In terms of the ézx:i, the magnitude of axt is, by eguation (4.1),
2 oxt  oxd vml 2
é’ =g * X » e LEXT )
R = R

But equation (4.29) is equivelent to

as® = Ty (&L, (4.29)

therefore, according to the definition of ’é’i,

g}_}_ = : 1, (%iﬁa}

The unities slong the old exis x! are related to the defined el by

- i
e = *é‘ﬁ‘* ’[i* (éziﬁi)
axt |

Bquations (4.30) snd (4.31) provide the desired principles.

A wector O0X is projected on the exis ** %o give 8‘;:"1; the remmine
wgfgwrtim 0 ¥x is defived in en (n - 1) dirensional space, forming a
hypersurfese in an nedizensional space, orthogonal to 3%1; thet is,

5F is divided to give |
= 5% > 57x (4.52)



) o
where O'x lies in the hypersurface defined by

| b
> €34 5=t -fég 3% =0 (4.33)
3i Ox

In terms of O=x, as expressed in equation (4.32) the magnitude of Ox

is pgiven by

- =t ooy, 3 dxd =1,
TRy o5

=g (% e gy bl 5 (4.54)

- ( 389)% + (5'8)?

where (633_)3 *E}‘:{ b"i}'}g P 8“5&’3‘32 is given by equation (4..%;%}*
The new fundemental guedratic form -
{ 6%8)2 = €1y Srat  Srxd (4.35)
is trested in the same way as was the original gquedratic form
582 = 833 5x* Bxd; a

Epp = = 1 (4.36)
is obteined. This process is repeated to yield the general result that

€ ™ = 1.  (4.37)
The table cap now be written in the desired disponal form

1 2 FT T

gll‘ iy | s O
giﬂ - i - '&:ﬁ seses O 2

l LSS KL A S k- B A% kol

glm © Bon | B

j———>



2 enne N

{4.438)

=

1
H‘M & sxss D1
0

-

HH ﬁ,i.it o2

EE S AW S RN LR SR E Y
g O FE e i.H n
s —

It should be remembered that this diagonal form is maintained only in

‘ mw.w

the ismediate neighborhood of the point chosen.

5« The divergence snd the laplscisn

wg divergence 1s an operator which is applied to & tensor density
end not toa ,aaﬁma? The density divergence of & contravariant vector
is formed from the w@qﬂ%wg@ derivative of & combravarient vector density
by contrectiong the result cbtained is u scalser density. If 4 is a
contraverisnt vector density, its covariant deriwvative is given by
¥ 3 x

k - * 1T a.p!. T ' .
wuu I@.U, g A w&w . (2.39)

A contraction of indices and change of dummy indices produces

: ( %3 k .m
: — I £ -« I \
.ﬂuwﬂ = - * i Yom N
Ja¥
-t (4.440)
The secalar density amumm is celled the divergence of the vector density ,wwvw
x

it is seen ¢ be independent of the affine connection or the metric
tensor.
It was noted in section (IV-3) that /g is & sceler density. If

a contraveriant veotor is multiplied by & scalay density, e contravariant



wE R

veotor density resulis. The divergence of the weetor density mey be

formed to give the socelar demsity divergense

Since 1/ VE is e sealar cmpacity, the produet of equation (4,41) and
1/ V& gives an invarient known as the absolute divergence

Pivv =1/ VE “f;ﬁ (VE ). (4.42)

In Cartesisn coordinates the absolute diverpgemce is indistinguishable

from the density divergence; both reduce to

2 (6a)

ox

An interesting applieation of i:,,hé divergence to the associated

contravariant vector density of the coveriant gradient of & scalsr

function results in the laplacisn. If ¢is & sealsr function, its
gradisnt is

a%
Prom this covarient vecter there san be formed the contrawvariant weobor
denaity

km 9o | | 4.
Ve & T {4.45)

The absolute divergence of this vector density is knewn as the laplacian
of o3 it is given by '
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condi tion that the lengthegsuge have the same valus when returned to its
starting point is that £} be & compoment of the pradient of 8 scaler funce
tion, This conolusion follows from the considerstions of sections
{I1I-11) to (1II=-14). But, if the geupe system of wmit veeotors is to
be the same at all points in spece, it is necessary that

£ = 0. (4.50)

This condition cherscterises ngg m@aﬁﬁwﬂ.ﬁ and the sssceisted

Rismannisn spece.

Te aﬁﬁﬁwwﬂ@ &%wﬁgwwﬂwﬁ in megwww EPROE

In the previous seoction Riememnien spaoe wes defined as & space for
which the same transportable standard of length existed at all points.
The - existence of the same transportable stendard of length permits
specification of the eoefficients of affine commection in & specislized
form. The true increase in & weetor u during & parellel transport is
given by squation (3.13) as

pul = gul + H.Mww o gt (4.51)

The particuler set of ceordinates slong »hich this Dul is zero is Imowm
88 geodesic coordinates. Along peodesic coordinates the wvarietion which
it is necessary to give to the numeriecal wlues of the components to
realize parallel tremsport is given by

%wa:ﬂ.w%ﬁw Q&&
nl _
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Since the same stendard of lenghth exists st all Mts,. the magnitude of
& vestor must remain unchenped under transport. This requirenent makes
it necessery thet

D |uf? = ngyy vt u}) = 0. (4.55)

As Dul and pud are zors, it follows tret
Thie result is & direct consequence of the peuge invarisnce; it way be

used as & eriterion for geuge invarienee, Further, sinece

ﬁﬁi;j i df&iﬁ — rik: gm:} dx - r;jk Eim 4X 0, (4.55)
therefors
ﬁgié r‘i‘k BTy I-‘j}» gim G
={r *r ) ax* (4.58)
otk b I8 *
where -
m
T ™ Tax Bmj » : {4.57)
g
= T Bim * (2.58)
T3,96 = Tge “im
From these relations the following result is obtaineds
od £
= (4.59)

T oK T3,k 1“1;;;1;. *

8y The Christoffel symbols

Some interesting consequences result from the relations of the



il G
previous seetion. If the indices of eguation (4.59) ere permuted and

the resulting relations combined by addition end subtrsction, the expression

Sgyx OBy Iy |
oxd | Oxt a;% # T 19 (4.60)

ie obtained. The quentity Fk 1 of squetion (4.60) is kmown es
ki

mbol of the first kindg 1t ls freguently

Christoffel's three-index

represented by |
Ty,5g = (335 | (4.61)

If the k index of equation (4.61) is raised, the Christoffel symbol

of the second kind is obtained; thet is, by multiplying I‘k,i 3 by ghk:
he quantity obtained is
€T g " FZ ) {;:3} | (4.62)
where ﬁj} iz the Christoffel symbol of the second kind. The symbols. r
ere more convenient; therefore they will be used on the following pages.
The symbols I" represent affine aemw‘kim in nonemetriesl geometyry but

Christoffel symbols in metrieal geometry.

A M&ia line satiefies the following eguation [Eq, (3.555}:

2 i . ;
8= ,rt ..9_..‘.‘.;.2 —— dxk, = O (4.63)

This equation actually defines a suall segment of & straight line, The
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For this integral to venish it is necessery that

4 (ds) _ 98 _ |
(d:i/' pye Sl | (4.68)

When s from equatien (4.65) is substituted in equation (4.68) end

the differemtiations ere performed, the following eguation is obtained:

a2l | desg e axd 1 OB ax! o
at?  Ox® dt 4t £ pxt 4t dt

B33 = 0. {4.89)

1f the dummy index j in the second term of egquation (4.68) is

changed to 1, the laet two terms can be grouped to give

0. (8,70}

aghﬁ) ax dxi -

Oxt/ @t d%

a?x [ 9811 1
gi P |- |- ——
3 4¢2 da 2

0831 g axl 1/ 9831 . 9E1p) g axd
Pk ( SE 3;) at a ! (2.71)

therefore eguation (4.70) can be written as

asd 2 (}aﬁéﬁ_ . O8im _ d%m) ax® axl

13 TS ol T TS @ a (2.72)
or, by using equation (4.60),

L afd " axt |

13 at? * ,I’i,mx % at - Ot (4.73)

Another form of eguation (4.73) cen be obteined by multiplying

ik

eguation (4.75) by £ snd then by using equation {4.82); this procedure

is represented by
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X &3 RV at o
813 %2 iml &t dt

kald |k ga® gt

mﬂﬂf}‘

33 ae® | piat db
The last form reduces to

2 X 1
x ¥ oala (4.78)
gtk ml @t dt

This equation sorresponds to eguation (4.68). Since equation (4.83)

represents & geodesie, and since eguation {4.74) represents & line of

‘atationary length, the line of stationary length must be & geodesic line.

10« Transformation cf the g@edesm to new coordinates

It is interesting ard useful to note how equetion {4.74) transforms

k
t0 some new ocoordinete system ?{i‘ The transformation of 1"%&:i is reprew

sented by

1—'&1 dx& afmg - B i 1

k sn"%’ gk o1 agm“ aglﬂ) *%Eﬂ} Ixt Ox¥
’ ox Oz

—o — sd\ '
33 . d 7 (”", . Aéx ax > é? (4.75)
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in form. It cen alse be interpreted cs & demonstretion of the fect that

the intrinsic derivative operator trspsforms like a covariant vector.

11. m Riemann~Christoffel curvature tensor

In seotion (I11I-14) the non-metricel curvature tensor wes defined.
For inteprability of the displacenent of a vector for infinitesimel dise
placements this tensor must be zero. In metric sfmcé the eurvature
tensors of equations (3.60) and (3.67) sssume spceiel forms. The postulate
of gauge inverimnce which characterizes Riemsnnian spaoe permits expres-
sion of these tensors as functioms of the derivatives of Byes The
curvature tensors ere then completely determined by the g4y, and their
first and second derivatives, Lguation (3.60) can represent the curvature
tensor for displacemsnt of a contraverient vectur whose components are
u® or for the associste covarisnt vector whose components are u;. For

convenience equetion (3.60) is repeated as follows:

3 o i 0 3 S | 1
R ¥ T°F e e T Y- 4 .80
m,kh h a:‘z wh Oxt r;g;: * mhFlk m T e ( . )

If the coefficients I are considered defined by equations {4.60)
end (4.62), equation (4.80) defines the Riememm=Christoffel curveture
tenser. The 1 index of equation (4.80) may be lowered, piving
ajmﬁiﬁ’i - gi-j R‘m;kh gij(axg 'Tmh th Iﬂm&:

1 i i1 {4;&:3;
Tan T Tl m&) | )
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Fow some special relationghips can be shown to exist between the
' components of the fourth order Riemsmn~Christoffel tensor. The first

ternm in eguetion (4.81) cen be written in snother form.

gi;j 0 T‘i ‘W (gij ri } - I—.i. _'Eé,i
ox*

d:ﬂt‘:E mh mh g,k
d S S U ),{4.623
where, by eqguebien (4.58),
oy, 1 3
- T * T ¢ {4135)
ST Tat TR

Similerly, the second term in eguation {4.81) can be written in the form

gij......a.,.. rt a2 - .t (I"i * '1"3). (4.84)
ax mk guP Jamk mlc Jb ih,

By substituting the atove results into equetion (4.81), the following

form of Riemson-Christoffel curveture tensor is obtaineds

v el it
By " 5% Timn ™ T (r x " Tgk)
J n i i 3
‘= Toa Ta (Tat Th)
. 1 1 (4.85)

s, Tk T jumh an

By using equetions {4.60) snd (4.62, equation (4.85 can be written

Fym,icn = ig\a PgE  omd o owBont | dud g

n¥ ,
+g ( Tame  To,n ~To,sn %,31:} (4.86)

2 2 2
1 9 &n, O Em a%—g_ C’%ab)
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From this equetion it follows that 1&3@,3& possesses the following symmetriess

Ron kb = Bmg,khe
ﬁﬁﬁwkh - Ejm,hk*
Rym,kh * Byn, im+ (4.87)

The first two of these equations express the faet that Ry, ,y is anti-
sypmetric In j,m and s,t; the last equation expresses the svometry |
between the two groups of indices jm and kh.

Since the coefficients I are constants in Euelldean spece with
Cartesian reference freawes, it follows that the Riessmnnisn-Christoffel

tensor is gzero foy this csuse,

12. The contracted tensor of Ricel and Einstein

The mixed RismennwChristoffel fourth order tensor g;if} kgm,kh cen
be contracted with respect to the 1 and b indicess The resulting second

order tensoy
hj 9 h h h 1
- g B, il - I - I ¢ I
Rm,k & Jm, kb a}; wh ox ik 1k Fm‘h
h 1 :
w I Ir 3 '
m ok | (4.88)

is called the contracted eurvature tensor of Rieel éanﬁ Einsteiny when
the components of g are constants, the first and last terms wvanish. This
tensor wes used by Einstein to represent the gravitational field equa«~
tions outside of matter.

The tensor R&k can onsily be written as & mixed tensor by multiplye

ing it by gﬁ‘”‘ﬁ If the mixed tensor is conitracted to give & true sealar,
then the constant of eurvature
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neighborhood of that points. An orthopinal system of reference may just
as waell be used. In this ocmse the fundemental quadratic form reduvces
to the form

as? = (av!)? + (av®)? » ... (a¥™)2, (4.91)
where the v represents the new coordinates. If s is a lenpth measured
along & geodesic issuing from the given point and 1¥ the direction cosine
of the peocdesle, the coordinetes of & nearby point, to a first order of
aepproxization, sre given Yy

* = 1¥g (4.92)

The equation of & geodesie for sueh socordinates is given by

aBF |k gyl gy g
e 3@ = -0 (4,93)

Since v© is proportionsl o s, the lust form of eqguation can just as
well be written in the fam

R ok ’ (4.94)
1

Ag these identities have their loci all aleng the geodesics, the partial

~ derivatives with respeet to & of equation {4.94) are zero; that is,

a
&13
Henee, for arbitrary values of v, the ccefTicient of vi v B e zeroy

therefore

9Tk,im , OTkem , OTk,nl ,
~2lkln Sokeml . o, .
av*‘ a-vl oV | (4.06)



Naear the given point the I” are infinitely small, but not their
pertial derivatives; therefore the eurvature tensor of equation (4.85)

can assume the following simple form in the new coordinetes:

4 oL J ym a ’!‘1 ,
The last two systems of sguetions cen be solved for the ....9..1:}‘*..&...
ov?
in terms of the R and the coordinetes, yielding
0Tk, Im 1, ,
WS?* *% Ber,m * RBow,ma) | (4.98)

For the assumpiions =zade, this equuation oen be replaced by
=i * Ry oq) VP  (4.99)
k,lm F Vil kw ol 5

in the immediate neighborhood of the point.
By meking use of equetions (4.59) snd (4.99), there cmn be obtained

for the speciel coordinates -

‘)‘gkl 1,
=" Tom® Tim ™% @ * Baged) ¥ (4.100)

which becomes, upon integration,
82" O *F Renymd * Ramge) ¥ 77, (4.301)

to a first degree of spproximation,

The following important oconclusion is obteined from the above
results: if the cwrvature tensor is not zero the space cennot be
Euclidean, but to a first degree of approxirvetion it is Eueclidean., The
generalized theory of relstivity utilizes successive aprroximstions of
the kind just deseribed. '
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B opamanes e i (5*3
. "5‘5 “E )

These different.n. squations admit n - 1 independent solutions

¢3(‘x§ b ﬁi) = Qﬁ {3 b 1‘_ sy l}g {ﬁgg}

3
where the ¢'s sre arbitrary constents and the matrix : T is of
xt

renk n « 1. Bguetiome {5.1) are said to define & conpruence of curves.

Through emch point P where the quentities (3 * are not all sero, there
passes one curve of ihe conpgruence and only one, the tengent to the curve
at P; this tengent hes the same direotion as the veetor § st this point.

If n contravarient wnit vectors (3« {ot® 1, eae, n) B8TE to be
independent, they must satisfy the determinent

Ieai| #£0 (5.3}
at least in & certein region of the asgaws; These n veetors deternine a
system of n independent congruences, knowm as en emmgle‘, in such & way
thaet through each point F there passes n curves of the system having as
tangents at F the directioms of the n independent unit vectors passing
throupgh this pointa.
Since the determinent |Bf‘ | is different from zero, it can be

expanded by minors, Thet is,

(5.4)

, i 3 :
Iéjl - Ei By =x cofactor of G in | @

s

If both sides of egquation (5.4) are divided by |e> f‘

1-2 6 0% 1= D QL6 (5.5)

s the result iss



i i
where B“i is the cofastor of B. in the determinsnt l@a l divided
by |5¢3| +» Sinoe any 63 is orthoponsl to 62‘ for x ¥ j, it follows
thet

i L | a o« L .
Ga 63 b;}* 66‘ (5§ 8& (5.68)

These relations demonstrate that @;, 5 g% **o @; can be considersd
a8 the components of n coveriant unit wectors @“ « These n veectors are
known a8 the veetors conjugate (or reciprocal) to the n unit vectors
tengent te the curves of the eonuple E,

The speocial case of n mutuslly orthogonal non-mull wveetor fields in

an nwspece is cealled an mﬁwgmi am%:gg_g,

2. Trensformiions to ixatrimia ﬁmgenmts

The transformtion from the ordinary to the intrinsic components of
& tensor cbeys the stsnderd formel laws of tensor anslysis. If & small
displacement veotor dx at P{xi} is transformed or projected on the cone

gruences, its components along the congruences are given by
as® = % geb (6.7
B4 3 (8.7)

its components ds® along the congruences projected on the coordinate

curves are given by

axt e gl g0, (5.5)

From the last two sets of equetions, it follows thet

a Os* i Jxt PR
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If, in the traneformation of the uwpﬁmmt‘s of o tensor which is kt,ne
result of & change from coordinates xt t@?ﬁ“, ¥ is replaced by .ai, the
transiorsation becomes thet from the ordinery 4o the intrinsie components.
The law of transformetion from the ordinery ts the intrinsic components
of & genersl tensor is, using {2.18) snd (5.%),

-~ B k™ 3 4
ﬁ, waw By - oO% t | o8 ox e ax m ?i ‘
by ese By dzii - oxte dgﬁT a,ﬁm '5' - ‘32&

where *i’b' ser zz is & component of T along the congruences.
l 2 8 2

m«{ denotes directional differentiation in the positive direction of an

arbitrary curve of the congruences. The relations between the directional

derivatives '“"”'I and the partial deriveatives www-= c)ii obviocusly
f o Oxd o ot _ Osd a: ,
ost  ost oxd © 0xr  Oxt Osd (6.13)
Prom formulas (B.11) it follows that
. Jf . i .
ar = "'3;'{ ds . {5.12)

In the transformations of nonwtensor chbiects such as the coefficlients
of conneetions snd the Christoffel symbols the order of pariial differe
entiation must be closely observed. The nonepermutalility of partial
differentiation often introduces additionsl terms in the transformation

of non~tensor objects.
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&s Integralbility conditioms

The mmiﬁﬁﬁy eonditions for the parallel dlesplecement of &
seelar guantity require that I:%at,. {IXI*}.&ZI
of £ ;
;Hg» a 1 é‘$ - . 63¢ E 2 y
i 3 3 O3 {(5.13)
ox Ox axj oxt  Bxt dxd

that is, the order of partial differentistion of the scalar gquantity

should not affect the result obtained. Eguation {5.13) can be expressed
in terms of the directional derivatives by means of equstions (5.11).
In order to obtain the resulting inbegrability conditions in the indices

i and j, equations (5.13) are first rewritten as

o)g éch
Ox%axF  Jxf dx%

Now when squations (5,11) sre substituted in equetion (5.14), the exw

pression

2% 0% . o (de o4 ) osd _ 2 (dw Dsd
ox80xF  JxF ox? 263 (st Oxf o8t \ ded Jxd

is obtained. If equetions (5.15) are expanded and multiplied by

Jdel
) Pl (5.15)

ox 2=
J: 353 *
the result is that
2. e r 0 0ak\ r_x¥ (3 JeF|,r
(333 a‘s‘ > P a* (aaﬁ Sq P ”(asi a,ﬁ) Sp
> | |
8.16
2] oo
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£11 the terms must vanish except for P= ¢ = r; therefore the conditioms

of eguetion (5.16) are expressed squelly as well by

o acp w9 2o _ .k 2 5.1°
3T ek o Sel ~ PayoeE (6-3m)

k93" (o 28\ _ & [ 0 ds)
%"W(aﬁ M‘) et (m =

S5 (g 4)

where

(5.418)

These relations obviocusly give the necessary snd sufficlent sonditions

thet o, 48*, where g, = ¢ (x}), be an exact differentisl (8, p. 54.6).

4» Hetrie emnﬁa‘t;ima

Up to this time no consideretion has been given to cocefficients of
commections other then the syrmetrie typs. With the introduction of &
motrie and gaupe inveriance the basis of Riemamnnian geometry was determined.
With the introduetion of non~holonomic transformetion coefficients, that

®
is cosfficients for which ,....éaé...- # oo ..Q...._ the ceefficlents of
dxd Jxt &z &xj

comnection are not symmetriec; therefore x‘mk # l‘k:m’ ¥hen s metric is
introdueed, the condition that the covariant derivetive of the metrie
venish, still must be satisfied; tut since the symmetry conditions of the
coefficlents of connection do not exist, the reduction of them to Christoffel
symbols iz mot poasible. The coverient derivative of the metrie tensor

with respect to an enmuple is given by



wiife

Dgsy oL |
i”i - ig - By L - L

ol

Dok 5k a3 b ‘ (5.19)
Bsi . o
) 7;% p T R

where Li,_jk and Ly 3 ere coefficients of commection. From the con~

siderations of equations {4.53) it follows that

0 &%
By the quotient lew the quentity (:ff?n Ly g = x‘é;.ik) must be & tensor
of the third order; this tensor is daxxmd by 2 Bk,i,j' Then
LR T B *%%%* Ly, 3¢ = Dyax - (5.21)
Similarly 5
2 By ™ ”‘;% = Diig = Tx,age
ard

2B g = "‘;‘Z‘; = Lyax = Iy g1 -

By edding the last two equations and subbtracting equetion (5.21) the Pol-

_Iewing tenisor 1s cbbaineds

Otsy -
Brat * Prge = Biay o ('—-m ————-&) - Ty g4 (5e22)

Equetion (5.22) ean also be written as

i,09 = I,a3 " Te,ay » (5.25)

where

S1,13 " Broag = By = BiLge (5.24)

is a tensor, and
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L (S8, J8p  JBy _
rk,s.g_ "2 ( Sed dz’{ ds%)' {5,25)

is the Christoffel symbul of the first kind. %,i,} is sctuslly & come

ponent of the torsion tensor; it can be shown to be equal to the anti-

symnetric part of the components of the awfﬁeimﬁé of sonnection.

&y means of equation {5.23) snd the symmetry of the Christoffel symbols,

8,13 ™ ‘5(%,35 T, 31) = T a5 51:,13 Tyt = Si,1)
oy

S,13 = %{%,13 ~ By, 33) (5.28)

an mﬂ«wtﬁe tensor in the indices ij.

It should be noted that the torsion temsor snd the cosfficients of
connection heve the sene %:r&mf&:m@iﬁa Jawes for congrvence transformae
tions as for coordinate transformetions. Ancther interesting peint is
that the space corresponding to the :amfi’iﬁ:mﬁ&ﬁ of connsetion can be

Riemannisn only 1f the torsion temsor is null,

S« Ouodesios In ms of the conzmyuences

If & direoted curve C is piven by x* = xi(g), where s is the

peranetyric are length, and ifﬁi

and el aye the ordinery snd intrinsie
components, respectively, of the unit veetor tanpent to € at an arbitrery

point P of €, then

axl « B as. (5.27)
fut . i
axt = 2E; aed, (5.28)
os
therefore J i{
X asd =3t as. (5.29)

&33



Since et
3wl 2E (5430)

squation (5.28) becomes

OE 1) w03 25
7;3&; & agéﬂﬁtﬁ

{5.31)
ded = aJ gs,
from which
3 . asd
& Py {5.52)

The equetion of a geodesic in Riemsmnien space with coordinate

varisbles was given in & form squivalent to

al . S .
= =Ls o, e, (5.33)

where ’55‘ is given by equetion (5.27). But am{m the first intrinsie

derivative of e {tensor guantity is another tensor of one higer covariance

order, eguation {5.33) trensforms to another coordinnate system as followss

Dyt oxt B

LRy B Taid (5.34)
But & transformation t¢ songruences obeys the sswe lawj therefore
D—i_Jdxop 3 .

where ad is given by equetion (5.32). In terms of the congruences the

geodoesic egquaetion is deflined by the transformetion to an emmuple of
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congruences of the geodesie eguation in terms of the coordinatesy that

is, the geodesic equation in terms of the congruences is given by

D &t ﬂ(aﬁ),axﬁ

Te @ Dslas ) 3.3 °
s/ el (5.38)
- ég‘j « 13 as” ész) oxt 0,
as? ml ga ds | gl
vhere, by sguation (5.23),
J o3 gl ,
Laa‘i = ml sm}. (5.37) ‘

metric coefficients of commeotions resulting frow the
trevsformetion. It 80 bappens that with respeot to the coordinstes the
coefficients of conmection are reduced to the Christoffel symbols; but
the transformetion of the covariant derivetive to an erbitrary ennuple of

congruences introduces the torsiom tensor 3.

Ga Transformations from oune sm?m of congruences to & second

In the previous sectiom it was shown thet if & curve ¢ is given by
xt = x1{s) that the ordinary and intrinsic components 2t ond al of the
unit vector tangent to 0 are given by

i
- &t
at -

1 asi
a tmﬁs.

rospectivelys. It follows that

axt  asd oxi el axd ost

ds as  JDmd {5.39)
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with respeot Lo some ennuple B+ Similsr formules hold when C is rew

ferred to auother ennuple EY instead of E.

&

i
1w %ﬁ“ suggeste, follewing Graustein (8, p. 572),

The relation a
representing the contraveriant componente, referred to E, of the unit

vector tangent to the gemeral curve Cpy of the hth congruence of E' by

_ i
“h*|i‘*'€%§?g s (5.40)

and the contravarient compoments, referred to E', of the unit vector
tangent to the pgenersl eurwe Oy of the hth congruence of § by

gt
N ,% . (5.41)

Then by applying the principles of equation (5.39), the following ree
lations are obtaineds

oxb _ 983 oxi dei _ oxd  gel
()5‘&5 d&’g 633 * aatg axﬁa d:ﬁj *

ot ged oat dett | 9xd  gert
“QT& 3eE 3a03 " dst 3 dxd

(5.42)

By means of the prineciples of equations {5.48) end (5,9), it follows
from equation (5.42) that

ded dxr stk _ dg't Iyl

ds'h gad oxi  Oxi deth . (5.43)

or

_Jsd  Qstk e s K

e a8 On*



In a similay way it is possible to obtain the relation

i 1. 5
éi dﬁ-ﬁ‘:‘} - bi . (5.44)
Ontd o8 K

Bouations {5.48) end (5.44) state thet the systems of quantities,

353 a&’i ; . L
ol %275 { w--—ga-w" v @re conjugate to one ancther.

| According to eguation (5.43),

k 28l gtk
On " ga® T3 °

(5.45)

therefore
281 g
osd ,
. (5.46)

os*
Jad .

In & similar woy the relation

as'® =

asl = ,,5% astd (s.47)

esn be obtained.
The partial derivatives of & function with respect to tws sets of
verisbles sti and st are related thuss

2f . 92f Jdsv Ot . Jdf I
aaﬂ}i J'B“ a&*i

Oe* Je'*™ Jsi (6.48)

These syustions define the relations between the directional derivatives.

Bouations (5.48), (6.47), and (5.48) show thet the transformastion




from the canponents of & tensor, referred to an ennuple By to the copw

povents, referred te B', obeys the usual lews of tensor enalysiss for

exsmple, the components of & general tensor T transform by the rule

YRy ses Bpn dg3| 335... ésﬁ&, agi"’n
? V P m@ - i ——
By ess by o8*® detPm  Jdat - Jstn

. | (5.49)
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of tensor analysis are oalled "polar" vectors; they are true first order
tensors. Vectors such ss the veotor product and the curl esre "axial®
veotors. The axiel vectors are not trus vectors but ere pseundowvectors
formed from true second order sntie-symmetric tensors. The axisl veotors
are sensitive to the sense of rotation of the reference sxes in a trans=
formation of Cartesian axesy they behave as usual vectors ag long as the
seme sense of rotetion of the reference axes (either "righi~handed" or
"left~-hended" reference systems) is meinteined; but, if the sense of
rotation is ¢hanged, the axial weobors change sign.

" In this chepter sn steupt is usde to elarify some of the mathe=
matical foundations of veetor amslysis im their relationships to tensor
analysis by using the relationships between pseudow=tensors and tensors.

1. Becond eorder enti-symmetric tensors as sxial veetors

Tre axial vectors of vestor analysis are derived from second order
enti-symmetric tensors in three dimensional space. In three dimensional
vector space the _aa.gg&m #w,u of & second order anti-symmetrie tensor
can be arranged in the following arvey:

1 2 3
Lty %p %) 2
b3 = | |t tza tes| 2 (8.1)
31 b3y b33 | B

j—
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Bat, sinoe t&j - - 'kgi*-‘ equation (B.1) cen be written in the form

1 2 3
il o typ  Byg(l
o . (6.2)
-%z -ty O |3
j—

with enly three independent components. If a shoice of the order of
the indices (the order 1, 2, 3 for exsmple), which amounts to choosing &
privileped seonse of rotation of the exse (right-handed system) is mede,

ponent %i;} & component ™ can be mssocieted by choosing
the indices so that the ovrder i, j, k is deduced from the order 1, 2, 3

by an even permutation. The table {6.2) can now be written as

1 2 3
ilo v |2
l - 0 | 2 (6.3)
P2 gt e} 5 |
j B

‘& pseudoetensora

The cause of the commutative addition end multiplication troubles
is eesily umderstood after a transformetion of the components of (6.2)
end (6,3) to & new reference system is mede. In a new coordinste system

fﬁit}m

components of the temsor t are '%'k‘,

represented by F° with &, b, o, an even permutation of the order 1, 2,

Then, since fﬁ’“b cen be

3, the trensformetion formulas for the Gy becoms



“Qlw 95~
I JZ oy . IR IF e -
t13 oxt oxd &b axI xJ ( )

or, by expanding and r&gmﬁ;:mg,

as: a:i axi ax3

, [2F Ax' - a'i}’ &-3 w2
* <a:r:i dxd &xi x|

=L 5% | OFF o5\ s
* (bx axj oxt Jxd

(6.5)

The coefficients of the T are oleerly the minors of the determinsnt

% %
a.«zi dxt ax,i

-1 - e 4 — -
A e | OX Ax ox - Z + 53; o2 % , (6.6)
] Jxd Ixd axj | 1m0 Ox éxi Dxd

IF ¥ %8
o 0 X

where the order i,j,k is dedueed from the order 1, 2, 3 by an even
permutations The sign of the terms in the summ

ation is mede + or -
depending upon whether 1, m, n is &n even or an odd permutation of the
1, 2, 3« Bolving eguation (8.5) for its minors, it is possible to obtain

SoordF 0L ST At et (6.7
et PY 1 oF : b

These minors can bs substituted into equation (6.5) toc obtain
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& second order tensor. But, in order to form a completely anti-symsetrie
tensor, nj v must be subtracted from eguation (6.10). The wesctor produet

of tensor snslysis corresponding to thet of wvector snalysis will then be:
o s R . g | ad, ‘(ﬁgii}

where wid is o completely entiesymmetrie tensor. By uwsing the principles
of eguation (6.9}, the veotor product becomes

' F — rl -

a veotor density. As before, if this m:ﬁg;rassi@ is limited to right=
hanﬁaﬁ Cartesisn reference fremes in three-dimensional spaee, then
_43,; = 41, In the symbolism of veetor analysis using the unit vectors
is J» k, slong sxes x, ¥y, £, respeotively, the veotor product of two

woctors u and v can be writien In the form

T T
W= wr u® | = i{n w } * {u ‘v - ul ) | |
A 2 B + };:(*{z v1). (e.13)

It een be remarked that the prineciples involved in this sectiom osn
be extended to include the vector products of covariant wvectors by using
their sssociated contrevariant veectors.

The gealay product of two vectars hag been defined [Rga« (4.1‘@5_]3
it is, however, nmriaﬁly equivelent for Cartesien reference frames to
& contraction of the tensor product of two veetors. The sesler product
is given by



B

= g1y TR R Ty {e.1a)

Since
=14P i =j

£33 % Oy
I ) =0iriF 3

the mumerical welues of ui and w; are indistinguisheble, and similerly

for v and vy 3 therefore the sealar produet is expressible in any of

the following equivalent forms:

nv&u ‘Vi*t% ianivi (8,15}

These relations meresly demonstrate that the covarient and contraverient
pomponents of & vector with respect to Certesian reference frames are

indistinguisheble and interchangeable.

3. Stoke's theorem in weeotor-anmlyveis form

The principles displayed by eguations (6.8) and (6.3) have & very
importent applicetion in the vepresentation of Stoke's theorem. PFreviously,
it wes shown i*fm’t the product of a tensor density and & tensor eapscity
yielded a true tensor. If a swiece element astd 35 represented by &
vector capseity, end if the rotation (or eurl) ryy is represented as a
mmr density, then thelr product can meintain its previous tensor

character. Flecing

% astd = aoy, (6.16)



ey Do

where 1
o (e
= + s b S LA T (6 917}
2% ox d.;g & d=F 3
and
Pys = '3:5*—6-.—2-%, {6.18)
3 =1
N ajz 7. ,6‘;_& 7. "i‘: B, (6.419)
Ox ox ox '

then by substitution in equetion (3,56) the veetoreamalysis form of

Stoke's theorem is cbtained.

[T f R ao; - (8.20)

< B

The most usuval form of Stoke's itheorem invelves the definition of
the rotation (or eurl) in terms of the symbelie operator V . The
components of equation (6.,18) are considered ss defining the pseudow
vector Re By mesociating the unlt weectors i, J, ¥ with the axes x, ¥, Z,

respectively, it is clear thet in the veoter-analysis symboliem

1 3 k |
' 2 J ofg dfg) 61’% ofg
E = e = o § [ - - . + : Srg—
V= ox By o= Iy df&ﬂ 3 dz a:a:) 6.21)
£, £, s (202 901 o
78 * dx  dy

Introducing equatién (6+21) into equation (8.20), there obtains

Jf? . dx u\fdvxx - do (6.22)
R

[



=100

vhere
fadx = £ dx + £ dy + £ dg, {6.23)
and
V=0 w~( oy ax> *( 33 a:) dor
\ dx oy

the dot  bhetweon the wectors standing for 8 sealer produet. Eguetion

{6.22) represents the symholie vestor-snelysis form of Stoke's theorems

4y The gradient, curl, divergence, and laplscien in vestor-analysis forms

Previously [E@, {2 .‘1‘5}] » the gradient of & scalar function was
defined as ,,‘)‘ « Where o was o scelsry point functioms it wes shown to
be a ty‘pimla:mﬂ&ms veotors The components of the mﬁiimt in three-
dimensional space cen be multiplied hy their corresponding unit veectors
snd represented by |

ﬁmcp*i%*.ﬁ*g%*k 29 (6.25)

But, symbolically, this is equel to¢ Vs therefore

Grad o= Vo= i-5% 4 j; * k 3: . (6.26)

The sabanlute -xiivsrgﬁma is & true sealer end is defined by

Ezq. (a.a2)] -

Piv v = % ‘Sé;k“ { Jg Vk}n {ﬁ'-?*?}

where v is & contraverisnt vector. Imn vector anslysis form feor threee

dimensional spece with Cartesian reference frames,



wl Ok
Vg e =1, (6.28)
} ﬁg_
. Thus equation (6.27) cen be written as

1 : 3
Div vy = ov * a@z * o7

dx oy o *

(6.29)

whieh, in terms of the operator , is equivelent to

Div v*(i-?i k-—g—-)g(iv +§v3->kv5)

ov! av’%
x "oyt 5 - (89)

where the dot sterds for & sealayr producte

The mga,mm of & scalar function wae plven as [Eq,, (é,&«ﬁ}]

(P.:m...:k, 6/@; gm..j.ﬁé). (6.31)

This function slso tekes & special form in three-dimensionel space with

Cartesien rafvme fremes. By using eguations (6.28) and

km_ Jm  =lifk=m e
g 5 ~0ifkgm (6+22)
ﬁgmmm (4.29) simplifies to
Lo, %0, o N
Ve = "a‘ﬁ *‘-«;—ﬁ + «-3--5‘)*‘9 . (6.33)

Sometimes in weetor analysis it is desirable to use other than
Cortesien reference frames. In this case it is necessary to uvse formules
(627} end {6.531) for the divergence smud laplacian, respectively.

In terms of the unities o34 alony the three axes, the fundamsntel

guadratic form becmes



w02
as® £y dxt axt = :Eg:ﬁi axt ey axd gos 9y 40 (6.34)

where Qi;} is the engle belween the 1 axis and the J axis. It neces~

sarily follews from equetion (6.54) that

833 = ®y ©4 008 954, (8.385)

and

Roustion {6.34), can be expressed, therefore,as
as? = 14 axt ax' - vEyy - VEgj + ©08 844 - axt axd  (6.37)

in the special omse of orthopcoel ccordinates equation (8.357) reduces to

the following simple form
as = €53 (ax*)®, {8.38)

In eylindrical ccordinctes, for example,

ﬁﬁg L é:rg + x‘*z &Q&z » éggi ' (6 .39)

where
B3q ™= 33 gyg ™ %y Bzz = 13

For three dirensional spsee with orthegoral curvilinear coordinates,
the gradient, divergence, end laplacien assume special and more femiliar
forms in terms of the e4. These speciel forms emslly follow from the
principles just elicited, Prom what has preceded it is clear that



wiO0%

1 v
o, = [gyy = == (6.41)
i By1 7 si -
gii 4
and that the g"ﬁ.;% {1 # 3) are gero for orthororal coordinates. Any vector
hes sither covarient or eontraverisnt componerts expressible in terns of

the e;. Py equations (6.41) end {(4.14) 1t follows that
PP [ . €.42%

or

ut = {, ;1}2 u, . ‘ (6.43)

From these relations the magnitude of & weotor for orthogonal coordinates
is

" 2 . gig ﬁfu uj -2, (‘xi}% - gii {“i}g

; ~l ‘
= (ogu')? = (ey uy)? (6.44)

The last two forms of equation (6.44) supgest defining the components of

& vector in the form

Uy = o ul = ﬁ? uy =\/uy ot (6.458)
Then the length of the wvectar is merely egusl %o the sum of the squares
of the 'ﬂi*

The econvention of equation {6.45) leads to the following representas
tion of the gradient of & soalar funciions

(grad @}i -l 2

i o (Yo summation) (fﬁgé&}

This is the ususl vector-analysis form of the gradient for orthogonal



wl (e
curvilinesr coordinstes in three~dimensional &m&aﬁ, 8imilarly the curl
of & vector for orthogonal cwrvilinesr coordinates in three-dimensional

space iz expressiltle in the following manners

(curt oy = = L (B 0y o7 £ -2y oy 7 1)

9193 ( ol (o4 74) a3 (ey Fg)) + (6.27)

where (curl f)k mrawm the k component of cwrl £ and i, j, k are
permutations of 1, 2, 8.

| The divergence of & veetor (mctuvally a ?saxsémvw%w} can also be
defined in the specisl terms. Referring agsin to eguation (8.27) and

using the relations for orthoponsl curvilinear coordinates that

ev§ o ¢
.. = |0 e o l= (e )2 . .
£33 2 : 8] ep ez}, (6.48)
o o0 ef
and thet -2
@ D O
1
i3 w2 , =2
g j w |D ﬂ‘g o | (@1 Qg 3&} * {ﬁi&?}
O O ag
the divergence becomes
1 d . .
Div v = w - {8y O0p €@z ¥ ) (8.50)
6105 85 Jnx 1 278 ,

To utilige the special components of equation (6.45), it is necessary to

multiply snd divide v° by e ,end substitute ¥< for e, v. Then

squation {6.50) becomes



w105

« : R A 0] 82 %
DLY ¥ % covmiommnn - 28 o :
°1 o2 o3 <ax& o ) . (6.51)

. Bouetion (6.51) represents the usual vector-anslysis form for orthenponal
curvilinesr coordinetes in thres-dimensional space.

The laplecisn in the usual vector-snelysis form for orthogonal
eurvilinear coordinetes is sasily obtained by the substitution of the
special relations of equations (8.43), (6.45), end (6.48) into equation
(6451) 3 the result is that ‘

2 1 .. 2_[e1e283 O o,
V¥ ¢ = 8y ©5 8, aﬁ ( °§ Aaiﬁ.) - {8.52)

The lest few seotions give the basic differences between the usual
vestor snelysis and tensor smalysis. Further relationships can be
developed by employing the ideas mvé}wﬁ in these #wtime; but these

exanples suffice to indicate ihe method of approache
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Vil. TENSORIAL DYRANICS

Barly methods of spproach to dymamicel problems depended upon
postulates involving veetor guantities in Buelldeen space. Such methods
made possible the loglesl development of dymemical theories without
introducing the concept of energy, but usually required elsborete physical
snd mathematical interpretation, With the introduction of the scalar
concept energy ("vis vive"™), the guestion of whether a dynamieal theory
invelving derivetives of the energy could be devised srose. In 1788,

Legrsnge introduced in hie famous "¥ecanigue Analytique®™ (11) & method

which resulted in en affirmative answer to the question. Ilagrange
sssentially reduced dynamics to & problem in algebraic analysis.
The wethod of procedure to be used in this chapter is based upon

the postulate:
ﬁ {.gkk: %%*‘ hd ‘ik (k e 1.‘! 2; ey 13}‘ {?#1}

- where D/Dt represents the imtrinsic derivative with respect to the parae
meter t, Xj is the k component of the resultant of the external forces
on the system, gy is the inmertial coefficient m, of the kth particle of
the system, and n is egual to three times the mumber of particles in

the system. This fundemental peostulate is the tensor form of Hewton'a
second law of motiong therefore 1t can be transformed to sny other
coordinatess it is esesumed to represent the equations of motion of either
¥ particles in three~dimsnsional Puclidean ﬁ‘p&ée or of one particle in



&1{3’?*

3Nedimensional (n = 3N ) Buclidean space. From this fundamental postulate
various velations and principles of amalyticel dynemics will be obtained

an succeeding pagoes.

1. Iegrsnge's equetions of motion

lagrange®s equetions of motion &re quite easily obtained from the
fundenentel posiunlate Eé;% é?al}] by introducing the conecept of kinetie

energys The kinetic emcrgy T of & system of n particles is defined by

wk) :

L (a2
i (%) -3 w(% (7.2)

The derivative ﬁ,ﬁ oxpressed in terms of T, is glven by the eguation

at
T g & r )
o Ba* g (7.3)

Now if squation (7.3) is substituted in (7.1}, then the equetion

™ (‘i%x’) % (7.4)

is obteined. When this equation ie expanded by using equation (3,32},

the expression

4 [ of =3 OF == E
at ( a:;) m dx i (7.5)

resultse The last tern on the left in aqmmimb (75) can be ehenged to

=1 Jd7 <m =1 0T =hl = dam
Tim =@ X " Tip “51€ T *

Y f’h’m W?}- T?‘ (7»6}
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But, since
g AT wamo

x -
dx~

» (7.7)

squetion (7.8) ean be written S.n the form |
F1 9T fm T (afs _'%i(b? )

e S

Substituting equations (7.10) into {7.5), the equations

4 [ or oT . ;
L ( a‘ﬁ‘) e T

are obtained. These equetions sre known as ZW‘;@%&ﬁi ons of

motien. In some other coordimete system zi, Lagrenge's equations

transfors s Pollowes

e 73‘*"7,, - 3*‘- 5
[«1@(’5?) a‘i‘k] % o= (7e22)

or, by equetions (2.14) end {4+78),

d oT T v
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These equations [Eq. f?-.{.lﬁ‘):l can be solved for the x> in terms of the

fii and ty the solution yields the n equations

x* = xi(g), ..., 2°T,1), (7.17)

i
from vhich the reotangular treansformation matrix ox 3 is obtained.

51 94

2%] is singuler; there~

dg
%:gnngt be unique. Since

The determinant of the btransformetion matrix

P ox’ :
o

the elements —%ﬁr ares not - defined;_ Ltransfornntiong of contravarisnt

x

fore the iunwverse transiormation matrix J ﬂ
tensors are not possidble. If e metric is defined for the nespace, the
eontravariant indices of & tensor may be chenged, however, to covarient
indices and the transformetions performed.

Hon-holonomous equetions of comstraint are functions in general of
the n coordinete wvariables end ait}i;ar the n differential of the coordinate
varisbles or the intrinsie derivatives of the n ccordinate varisbles. If
r non~holonomous eguations of constraint exist, they may be expressed
in the form

fj&it &i’ *&'} = fs = 1, —ewy ?}' {‘?’13}

These squations may be golved for any (n - ») independent differentials
which may represent the differentiale of sre, dsl, of an emnuple of
congruences. IT the last r of the n differentisls ds! are sssumed null,

then

ool , & %
as™" 1 . f}.{xi’ axi, at) = o3
as™"*2 o Pa(xt, axl, at) - 05 (7.19)

LA A R B A L @00 SO0 CsOGOOGIVPOISIPOIES
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When equations (7.19) are solved for the n old differentials, the
n equations
ﬁxi - &{ﬁﬁgg ‘,,_**dg:n*&'* xi, t} (?gz'{é}

ere obtained. As 2 special equatiom (7.20) myaamm the form
axt egtad T at (k> 1, wany 1) (7.21)

where the coefficients aki and T mey be functions of the warlables =t
snd the parsmeter t. HNonwholonomie constraints will be piven further

gonsidereation in A sucecseding section,.

3. w&agu"ﬁ squstions for ,X%ﬁiamia systems

A %transformation of Iamgrenge's egustions Eﬁq. {?dﬁ}] from an nw~
speoe to a subspsce can easily be accomplished. Using the traneformetion

ot . ,
watrix [..ﬁjmg":l » the transformetion is given by the (n - r) eguations
q.

a (Jd2\ _ or | oxt_ . oxt

a4 [J%* or
L ik (7.23)
'ag( aé‘i) 08

where

PR <1 %—Z—; - (7.24)

It should be carefully noted that in equetions (7.25) that $r stands

for the time derivative following the moitiong that is,



il

& . 0 .9 .
ECR AN S TE)

g {7.28)

Bouations (7.28) ere legranpge's equetions for a dymemicsl system with
holonomous constraintsy they represent the motion of & perticle in an
{(n = r) dimensional subspace.

L&grmg&*& equations for holonomiec system can be expanded by sube
stituting for the kinetle erergy T' and performing the indicated opera-
tions,. Using

* ot -

Q?v'%gug & a° (7.26)

in egquation {7.23), there cbiains

J o
) i @aé 1 gm@
ﬁgijﬁi *( aﬁﬁ.‘%wﬁf)

where the constraints devend explicitly upon time. If the equations of

a® = q.. y
g Q;},, {7.27)

constraint do not contain tire explicity "eyelie" wvariable then the

partial derivatives with respect to time [:Eﬁ& {“N%ﬂ are zeros that is,

& . 3 .1, d 4 (7
- B e o - SR ! ,2&}
at aaﬁ. 4 aéi 2

In this cese equetion (7.27)becomes

s [PBxy 1 98ap . |
D ; ; g ; (?aggﬁ
813 'y \Ma "t & §f =q ,
which is eguiwlent to
By § . Tianp §" 4f way, \ - (7.30)

where I'; o is the Christoffel symbol of the first kind [Eq.. (4.&&)] .

These expsnded forms become wery useful in precticel application.
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. 'ﬁ"m#fmt:imk of Iﬁgx’mm*a equations to an ennuple of econgruences

lagranpge's squstions of motion cen be expressed with reference to
en ennuple ﬁf‘* congruences instead of trus coordinetes. To accomplish
such & transformation the principles outlined in chapter V will be used.

ge's equations for true coordimates are given by equations

{7413)« By & trensformation to an exmuple of congruences they besome

da (OoT\ OF ax dx |
- x . "
Egg( a:g) ox* | dss 1T 3 Ded | (7.31)

This form is not as convenient as & form wtilizing the kinetle energy

expressed in terms of the new differentials ﬁsj and the old wveriables
:x:i,,, end the derivetives expressed as directionsl derivatives. It should
be noted thet a trensfomation of the type used in equetion (7.31) is a
trensformation between &if‘férmtiala of are as thé underlying varialtles
ey be undefined. In terms of the n new differentials and the n old

variatles the kinetiec erergy cem be expressed by

-

Eap (x5, 4s%) -g%- ﬁ:ﬁ (7.32)

T-3
By using the prineciples of directionsl differentiation of chapter V,

the guantily

Jr _ I 98~
0xr  J&  oxt

(7433)

- da OF "f g e“\ J; .1
axi("? &) (asm P TAr T Sl
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o9 L I9T | T gs®
ox*  Jxl  08F oxi

JF , JF < 9 asﬁ) Ix® .1

- - 8%, {7.38)
dx*  oBF oxt 9B de” )
When equetions (7.34) and {7.35) mre substituted in egquetion (7.31),

and when wm dummy indices are changes, the equationa

a (OF) _ 3T ,0F [ J_ de*_ g _gs
LAY /AT B YT R S S

mamauxmnm aémxi &jl = xi ,..,_d_ﬁi

are obtained. These equations of motion are vepresented in terms of sn

{7.36)

emmuple of congruences. This last form of the egquations of motion is
equivelent to & form given by Whitteker (26, p. 43).

5e ﬂxa,}agm&iﬂ%ﬁ of motion for nm»%wl@nﬁmm gystems

In the case of holonomie

dynamicsal systems the number of independent
soordinates reguired to specify the configuration of a system 2t any tinme
is equal to th@v sunber of degrees of freedom of the system. For none
holonamic systems, however, the number of independent ecoordinates needed
to specify the configuration at any time may be presater than the number
of degrees of freedom, owing to the faet that the system is subjected

to constraints which are supposed to do no work, angd which are sxpresssd

by & mmber of non~integrable sxpressions of the form

Thad +1 at =0 (=743, eeepmp 2 <r <n), (7.57)
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If egquation (7.42) is expanded hy substituting

and by performing the indicated differentietions, the following exw
pression for the equstions of moiion iz obtsined:s

wa o, |[CBay 1 Exg\ on i_Jdam
& oy s * K D88 2 Tgd * gi@ axﬁ ' axi

- - : . ,
a:} a&ﬂ 8% 38 = ij (7.43)

- - This expression is enother farm» éf the equationg of motion of & none
holenomie dynemicel system.

By returning to the fundamental positulate [Eﬂg‘ {"?‘1)] snd by transe
Fforming it te en sonuple of congruvsvess, the following equetion is
obtaineds

D [= 4%\ 0% = I | .
" (gkk d"k) dst dgt ¢

When this expression is expsnded, it takee the form

2 3
. . 28 L4 ds* geb _ . ‘ (7 ag
515 G Mewp “ab —ar " (7.45)

where

. | | a «
‘1 (vagqi -+ g% __g_.'e>_ si,d‘i (?*%)

dab sl T ogst

is the metrio connsctiong 8 is the torsion tensor. If & trenge

i,o(@
formation of equetion (7.45) to ancther congruence were mads following
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the method of chepter V¥, then the resulting equation would have the seme
form as equation {7.46)3 therefore the traneformation need not be given.
The form given by equstion (7.45) is the prefersble form from the view~
point of applieation ss less labor is involved in calculating its coww
ponents than in osleulating the components of elther the form given by
squation (7.42) or that given by equetion (7.45). | .

Some of the principles riven in this chapter will be %ﬁ»& te
the snalysis of & typical awgﬂﬁgg ical problem, the rotating
eleotrical wachine, in the next chapter. The equetions of performence
of the roteting eleetrical meehline will be transformed from s get of |
Riemsnnien coordinntes to en emmuple of congruences in order to simplify
their solution.
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¥III. ROTATING ELECTRICAL HACHINERY

mrd appesrance of one type of rotating electrical
mbchine is so similar to that of another type that it is often very
diffienlt to distinguish betwesn the verious types from appearance alone.
Beon eleetrical measurements mde at the coll terminals of the rechine
fail to furnish sufficlient additional data for the complete identifion=
tion of the mbchine. 4 little experience with slectrical machinery soon
leade one to the econclusion that the sssential difference between the
yarious types of mechines is the way in whiech the colls are interocon=
nected. Xron {9, 10) has based hie “representative™ machines on this
easential difference and has eonsidered the various types of machines as
resulting from the wethod of interconmneetion of the coils of his repre~
gentative meachines. Eron's mathemsticel tools were those of tensor
analysis; his method of u&ﬂmgg was that of differential peomeiry. The
suthor wishes to apply the methods of the intrinsic tensor anslysis of en
ennuple of songrusnces to the rotatingemsechine problem, The equations of
motion in tensor form sre sssumed to represent the psrformsnse of a
general slectyoemechanioal system; therefore they will represent a
typical slectro-mechanienl system, the rotating eleetricel machine.
Although no speciel stress is ploced on electroe-mechanical equivelents,
the recognition of their existence is necessary in order to form this
unified theory of electrical and mecheniesl systems.

An application of the gensral method to the amalysis of en induction
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These eoils should be stetionary with respect to the field curecuit; also
they should be arranged sc thet their magretie sxes correspond with the
direction of the components of nr%@:&m’rssaatim which they are to
repregent « Implicitly conteined in this type of resolwtion is the
agsumption that the resclved components of srmeture resction represent
the same sort of space~distributions of magnetomotive force. For this
treetment the convenient sinusoldsl space-distribution ig assumed, If
Blendel's resolution is expressed mathemstioally in terms of currents,
it can be considered as & lineer transformstion from one set of cwrrents
to enother set. Bubt it is known thet the differentieals of coordinate
veriables transform in the same way ss do currente; therefore Blondel's
resolution defines alsc & trensformation from one éevt of éﬁffﬁfﬁﬁ’tiﬁli
to another sets A closer examination of the %rmzfamti@s involved
brings out the feet thet if the enguler position of the rotor of e
machine iz considered ass & coordinete wvarisble, that the relations
between the differentlels cannot be integreted to obtain the underlying
varishlesy in other words, an intrinsic trensforsetion is involved,
that is, & transformation between & set of coordinates end an ermuple
of congruences. |

The statements of the previous paragraph cen be clarified somewhat
by considering & special ecase. A single phase alternator with a
sinusoidal spsce-distributien of armmture and with & stationary salient
mmhffiﬁléﬁﬁ; projection exes along snd perpendicular to its
m&ti; ,\is sssumed; therefore & moving exis can be associated with the |

direction of the resultent srmature resmetion. This moving exis will



1268w
be denoted by ql, and the stetionary axes will be denobed by sl and ag,
nlong end perpendiculer t’a, respectively, the magretie axis of the fisld,
If the sngular pogition & of the moving armeture is measured between
the megnetic sxis of the ermature coll snd the mapnetic axis of the field,
then the traveformations betwesn the tinme rates of shange of the verisbles

end between the differentials of the wvariables ere givern by

gt = oos @ &% + sin 0 &%,
and
aqt = cos @ as® + sin © as?, (8.2)
respectively. For these equations to be exset differentials it is

mﬂmg that

y dg* _ _J dqt
T Sirrire

As
I 1
—é%w cos 8
o8

1
.,..a,..ﬁ» e {3 >
X

it 1s elear that the equetions (8.2) do not represent exact differentials,
A more general Plondelwtype of transforvetion is exemplified by

the spplication of Blondel's principles to the} turee-phase alternator.

As before, sinusoidal space-distributions of the nagnetowmotive force

of srmature reaction 1s mssumed. ﬁw field cireuit is again sssumed to

be of the salient two-pole type with stationary axes alonpg and perpendiew

uley to its magnetic axis. Further, it is mssumed that the sugular
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position of the rotor is measured between the magnetic axis of any one
of the phese colls of the mrmature se a reference and the magnetic axis
of the field, The other two phase coils of the armeture are spaced at
120 degree intervels fyom the first phase coil. If the stationary
axes ere denoted by the veristles st snd the woving axes by the veriables
g, then the transformstion from the statiopery to the woving exes is

sAdven by the eguetions

&eg‘ = cos & ds’ + sin & ds®
dg® = cos(® + 120) ds! + sin (& + 120) ds® (8.3)
a9® = cos (& = 120) ds! + sin (8 - 120) daZ.
In general, however, in omse the sum of the three phase~currenis is not
sero, & third independent stationary coordinete is required. This addiw
tional coordimmte can be assumed bo have egual projections on all the
moving axes; in this oase equations (843) will be replaced by
%}'ﬂmaﬁésl *aiﬁﬁds *éﬁ
dq? = cos (0 + 120) dsl + gin (8 + 120) &33 + as®  (8.4)
dq® » cos (@ - 120) as! + sin (8 - 120) as® + 443,
If egquations {B.4) are solved for the dsd in terms of the dqi,-, &
trensforuation of the casponents dgl to the components ds® is obteined.
Such & solution yields the f{ollowing equations

apl #% cos @ 6.43;1 + § cos (8 » 120) ag® + .é coe (& - 120) daqg®
ds® a%— sin © dgt + «% sin (@ + 120) dq® + .?g sin (@ - 120) aq®

ds® = %- aql + % ag® + «é aq®, (8.5)
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The evefficients in eguations (8.5) must be conjugate to those
in egumtions (8.4) beeause they result from the solution of egquations
(Bsd)e In other words, if the cosfficiente in equetions (£.4) sre

denoted by ..% end if those in equations (B.5) are dencted by d“i
G

"

then the two sets must obey the relationships

oat gs* . x dst ogk . x| (8.6)
“52'5"'5;5 P B Sl |

With these fipal relationships on hend, the method of enslyzing general
rotating mechines cen be resumod.

The equetions of motion for dymemical systems heve heen assumed
to apply to eleetro-mechenicel systems. If & slip-ring mechine {one
with moving reference sxes) is analyzed as & s?.ip—rinv type of m&xine,
that is, if it is not referred to stati onery axes but to axes moving
with t}m conductors, then the eguations (7.25) represent its performence.

It is necessery, however, that the guantities Qg be defined by
LI I .

where the gquantities ey ars either applied torgues or applied volteges
and the quantities 333 ﬁi are either resistive torques or resistive
voltage-drops. By substitubing equation (8.7) in {7.25), the follow-
ing equations representing the performanece are obteined:
Ryy & veyy e (‘igﬁ‘“*é “i;‘"&(‘e) & =y (8.8)
oqf gd
In order to determine the performsnee of the glven slipering machine

expressed slong moving reference sxes it beccaes neeessery to solve
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a set of equations of the form given by equation (8.8).
For roteting electriecal machines, it so heppens that the guantitiss

By are, in peneral, not comstant but that they dapéné upon the pasi»
tion of the rotor; therefore the spplication of expression (2.8) resulte
in & set of differential equations with coefficients which sre functions
of the rotor position. Such equations are usually difficclt to solve;
therefore if a transformation which would reduce the coefficients to
constants or to simple forms could be found, it is poseible that much

of the diffioculty might be removed. The Blondel type of transfarmation

[:Eq‘ (8.4) and (B.ﬁ{l will do just this. It is necessary, however, %o
transform the quentities in equations (8.8) %o eguivelent guantities
slong intrinsic reference frames. In previous chapters, the method of
transformation snd the resulting unezpanded form of the performance
equations were given E&;‘ (*?,’é&)] in legrangion form. The new performsnce

equations are given by

B, éo‘ * ¥ ;o‘ + ) -3 - 1 [~ 8 1 et
ok € ax ( 38 TS e

o o8b o8t i soex =¥ .
e S ...m 8 g’ =gt (8,8)
( og® dqt ¢t og® )(d > .

where the primed guantities are the transformed guantities. These equaw
tions define, in general, the motion of a point in & non-Riemamnien

metric spaee. ’ﬁ%‘heﬁ they are solved, squations (B8.9) represent the per=
- formance a machine which is eguivalent through & transformetion to e

given slipering me}zw\h&g; for example, this equivalent mechine mipght



be & computator type as happens to be the ocmse if a Blondel type of

trangformaticn is used.

2 Formation of iz;he‘ components of the inducthince snd the resistance tzensara

- The inductances, bothk self end mutual, of the colls of a rotating
#lectrical machine depend, in general, upon the position of the rotor.
In order to simplify their mathematicel representation es well as the
representation of other guantitieg, it is necessary to intrécmee some
assumptions. The following assumptions sre mades

1. Satureation, hysteresis, and eddy ourrents are mgi&gﬁmw

£+ The waristion of self- or mutualeinducteances with the position
of the rotor follows sine curves.

8« The srmature is smooth, end has balanced sinuscidally dise
trivuted windings.

4. Only two field poles exist for synchronous or for d-c mechines,

&« Induction-type machines have & wniform air gap and balenced
sinusoidally distributed rotor windingse.

6+ Resistence changes due to heating sre negligible.

7« Three-phase armature cirouits are used unless otherwise stated.

The selfw-inductanece of an armature phese is 2 maximm for & salient
twowpole machine whﬁn the direct exis is lined up with the megnetie
axis of the phase and & minimun where the guadraturse axis is in line
with it. If the rotor position is measured from the magnetic axis of
phase 1, then the self~inductance of phase 1 is given by

Iy = Iy + Ly, cos 2 8, (8.10)

where Ly is greatsr thean im. This functional representation can be
determined either by caleulation or test.
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8imilarly, for phases 2 end 3 the self-induetances sre given by

Ig = Lg * Iy, cos 2(8 - 120}, _ (8,11)

Ly = Iy * Iy cos 2(0 + 120). (8.412)

The ﬁu,gﬂw inductances between the armature phasge ocolls vary in s
similar woy. But before the mutusl induvetances can be delined it is
necessary to @aw,_wua_ the relative directions of the cwrrents. Positive
currents are defined in the same relative direction; that is, positive
current in phase £ tends to prodwe & flux-linksge in phase 1 in a
direction opposite to thet which is produced by a positive surrent in
phase 1. Now the mutual inductences between the srmsture phase coils

are given by the following egquations:

Hyp = = My = M, cos 2(0 - 80) , (8.13)
_ = - M, + ¥, cos (29 ~ 120);

/
Mgy = = My + ¥y cos 2 9y A | {8.14)
Myz = = ¥, + ¥y, cos (20 + 120). (8,15)

The maximum wvalues of the varistion of one of these mutual inductences
oseuyr at double the fregqueney whiech corresponds to the rotor speeds. A
rarticular varistion, that between %m@&m 1 and phese 2 for example, has
its meximum valves when the megnetic axiz of tho field bisects the engle
between the adjecent coll sides of pheses 1 and 2. In prectical cases,
the variations of the mutual=inductances are almost equael to those of

the self-inductances.
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The maximm mutuel-inductance between any ghavsa of the aymature and
the maln field sirevit will exist whon the direet sxis of e field is

netic axis of the pertieular phase ¢oil. The veris-

in line with the mag

tions of these mutusl-inductances for the three-phases are given hy:

ﬁif - % oos By ) (3&1@}
lgp = Mp cos(® - 120); {8.17)
Mg p - .I‘ cos(8 + 120). " (8.18)

The selfwinductance of the mmin field ¢ircuit is constant and is
ropresented by Lgff‘

In cage additional windings éxiat on either the stator or rotor of
& machine the inductance mimﬁi-@m cén be representsd by equations
similar to those Just given.

If an induotion type of machine is being considered, then both the
rotor and the stator are assumed ‘*m'&s smooth and to conmtain sinusolidally
distributed balanced windings; therefore the selfwinductances and the
mutual-inductanocss between stator coils or betwe

sn rotor colls are
constant. The mutual inductences “etwsen the stator and the rotor ecoils

are the only inductances which wvaryy they are given by the following

equationss
My, = ¥ cos 93 (8.19)
By = ¥ cos (& + 120); (8.20)
Hye = ¥ cos (e = 120); (8.21)
¥py = ¥ cos (@ ~ 120)3 (8.22)
My = ¥ cos O3 (8.23)

¥gg = M cos (0 + 120); (8424}
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My, = W ooos (& + 120} (8.28)
Vgg = ¥ cos (8 - 120); (8426)
My = ¥ cos 8. (8.27)

The vumbers 1, 2, end 5 vepresent the stator (armature) coils; the
musBers 4, 5, and 6 represent the rotor coils. ¥ is the maximum value
of the variation of these mutual inductances. It should ¥ noted that

Mpg = Mgge (8.28)
In forming these variations of stator-to-rotor induetances, B positive
current in phaese 1, for exemple, was sssumed to produse & flux~linkage
in the same direction as & positive current in phase 4.

The value of the moment of inertis of the rotor is also & component
of the inductance tensorj; it is constent. It will be represented by ju..

Sufficient information is now on hend so that a typiosl imdtetance
tensor can be formed. The components of such an inductance tensor
should be chosen from smong the werious equations of this section in
such & way &s to represent the given machine. Equation (B.1) represents
a method of writing the ecomporents.

The cumponents of the resistance temsor are easily formed. The
matvel-resistances are usually zero in s roteting electricnl maehineg
therefors there remain only the aa&fuwésistanaas of the warious colls,
and the friction and windaye resistance of the rotor. The components
of the resistance tensor should be arranced in & form similer to that

nsed for the induetance tensor.
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The resistence tensor is given by

et & & ¢ P FE ]

;% © o o o o o]d

1 0 R © ©0 O 0 o |qf
0 ©O0 B O © o o |¢°

Ry | O o 0 Ry, O 0 o |q% (8.430)

6 ©o o 0 B o0 o g5
0 0 o o 0 R, o0 |4q®
o o ©o 0o © 0 Rlq’

|

vhere R, is the resistence of & phase coll of the armature stetor, Ry
ia}th_ﬁ resistance of & rotor coll, and R, is the resistance which
represents the frietion and windage loss.

The values of g,_‘.} and Ry 4 as given by squetions {3,2:% end (8.30)
oould be substituted in equations (8.8) and the equations of performance
obtained. The resulting equations are quite diffiocnlt to solve beoause
some ecefficients are triponometriec funetions of the pesition of the
r&%mu If the two egquatiens of sonstraind

gt +q® +&® =0 (8.51)
and ,
§¢ + % + 8% -0 {8.32)

are introduced, the eguetions can be simplified somewhst, but they are
still quite involved. levire (12) has given a treatment of thls sort.

By introduecing the linesr trensformetion represented by equations (8.4)
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and (8.5), the woltages (including torque), resistences, induetences
{including inertial coefficients), and currents can be referred to a
get of orthogronal coordinate axes which are stationary with respect to
the stator. The reguired transformation matrix is formed by applying
equations (B.4) to both the stator end the rotor circuits. For the
aimtar; the coefficients ars constantsy they are obtained by placing &
equal to zero degrees in equations. For the robor, the coefficients
are Punctions of 83 they are formed by changing the veriables in
equations (8.4) to the rotor variables of the induction motor. After
the two non=singular conjugsate tyensformation matrices have been ob-
tained, the eguetion of constraint given by equation (8.32) is introw

duced to form the following twe singuler conjugate matrices:

1

o
=W
=
&«

8 8 ] ] 8 9
1 o 1 0 0 o |
<+ 1 o o | g2
g | .
l= |6 @ © cose sin @ o | g (8.33)
0 O 0 cos{0+120) sin{e+120) 0 q®
0 © O cos(0«120) sin{9=120) o | 4
o o 0 o 0 1| e




o o & gt < q® o
1 6 1 o o o |at
103
s 3 1 © o o o |s®
: |
9% |.l ¢ o a% cos8  Zoos(@+120) Esin(e-120) o0 | st (8.34)
aq.f 3 ‘ 3
6 o 02 sine Zgin(e+120) 2ain(er120) o0 | &®
o © 0o o 1|8

There are seven possible indspendent applied voltages (ineluding

torque) for & wound-rotor industion mechine, but enly four are customary.

& trensformetion of the volteges is given by
o
ﬁti o ﬁo( d_i,_i > {3&5&)
ds*
?

where @ . represents ome of the applied volteges, and e 3» one of the
transformed voltages. Using this formula, the following new voltages
are obtained:s

a; = 8y w.%*. ey m%- o 3 (8438)
a'g -0+ g- ey - % oy 3 {8.37)
vs; =e] *ey * ey ; | {8.38)
u; * 0ge (8.39)

The resistance tensor must also bs transformed, Its new components

are given by . da* Jagb
' ~" : u-o-g-a u«-ﬁ— ». B &
By "B Tei oed (8.20)
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When the velues of Lthe resistances as given by egustion (8.30) are

substituted in equetion (B.40), the following set of components is

obtaineds
3% O o o o o |s
1 0 .§ R, © o 0 o |s®
| | . |
Ryy = o o 3R, o 0 o |s (B.41)
0 0 e 2 o o | &%
- z %
o 0 o o 3 o |e®
3™ !
o o o o 0 R, |o
j—

The inductance tenger must be transformed in the same way as was
the resistence tensor, but there are meny more non-gero components;
therefore sn expended form of the transformetion formula is guite helpe
fuls Since %

& 3 e .....ﬁ..,.....&.. (8.42)
J et omd T |

then it followe thet

&5*3*:"‘(&? aaﬁ aai‘% ‘"‘%i""%)

..5”..&**_&..__3.@_&,._,3&,.
get dad o8t dsd  gsl ded
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- ﬁ, dat , g% 9% , Jef agf)
gsr os8  ost o8 el el

: d g% 8

J 1 p 2 2 296 Je® Jab
T AR eos (aa’i o83 dst 983 ot Jsd

1,2 2 ,
+ 2 cos{9+120) (...‘.’.S... -a-" . * »é«&«@& * «é&.ﬁ.&.)

1 og?, J¢® od%, Je® Jg
+ 2¥ cos(9«120) (dﬁ .B%S % Osi gd i os* OJs >
+ J aﬁ? 6’3?

r dsi asé

fihen the coefficients from {(8.33) are substiimted im eguation (8.43)

for a1l the possible combinations of 1 and j, the following array of

companents is obtaineds

-

st o? e® st o® e
F(Laie) Siu -6, o o |l
Gu Bugm) oFw o T o o*
-6 Ky /”f@ﬁa s(L+as) O 0 o |s®
z o 0 %ﬁ%*%) ...‘/%'_ggh o | 48 (8,84}
o g ° "g M, Fly+u) o |8
o o 0 0 o i|e

3———»—
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How thet the new sets of compouents of the resistence snd the
iﬂﬁga‘tﬁna@ tensers sre availeble it is neeessary in order to obtein
the performance eguastions to substitute the voltages and the transformaw-
tion coefficisnts into equetion (8.8), and to perform the indicated
operations. Since none of the new components of either the inductence
or the resistence tensors are funections of the coordinstes, '&ha' labor
involved in selving the performance equations is considerably reduced.

For k = 1, the equation of performence, meking use of equstion

(8.9), is
AR RS (8 u) ¥ i R
*’? ﬁg'&ﬁ L Y -p.%;.{ag + ag_} » (8.45)

ai'; by ragia@ing ous of the derivatives with respeet to time by p,
21 . ,
E?E*(La*ia}] E&ap -a»&iﬁa;}.ss&%lég;éé
- 1 v :
= oy »~-§{ag + egle {8.48)

For k= 2, and k = 3, rospectively, the following results obtain in &

ginilar weys

- %zggpil*g By + {lﬁ @5&)5_’—_'”2 \/_g&‘p %éﬁgéﬁ
© g {eg =~ e3) 3 (B447)

~6u, i ~VEY, p i e Ry + (Ty - 2 )p | 30
V 3 *I» L8 8y 4'*&5@ (50&3)
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It should be noted thet for k = I, 2, sand 3 that no terms in @ are
jovolved. From all appearances, equsbtions (8,48), (B8.47), and (8.48)
might be representing & stetionary network.

There are three rempining equations to dstermine. Two of the three
equations are electriec cireuit equations involving motional impedsnces,
and the third is & mechanieal circvit egquation which re?resaﬁta the
rotor mechanical effects.

For k = 4§ erd E'«g * £'gg the torsiom term

P N1 SO - ogt oq” 5« v
O™ ogt  Jdgi oqR| Osk Jds

yvields
£'ss E—%g {% sin @) cos & # -%~§(,§ sin(9+120) cos(B+120)
+ *"36'3 (% #in{®-120) ocos {@mlzﬂ)] 5 8% «
31, +m) 538 (6.49)
Bimilerly, for k = 4 and g;g = g“'gﬁ, the torsion term yields
&'es E‘?ﬁ @ sin 9) cos 0+ —952 5y (04120) cos(es120)
+ w-‘j; (§ sin {6-120) cos {%lm—il 5 i -
EILEs | (8.450)

For ell other values of g;:xp and k = 4, the torsion terms venishj
therefore the squation of performence for k = 4 csn be written in the
form
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Fupat B v m e w)p]st VEup a8
*%(Lb +u)8ib+gudd®ro (8.51)
Similerly for k = 6, the following equation is obitsined:

9

—g?ﬁ?ﬁ gﬁﬁbﬁs +* [&B*(Lb* leég
B, +w) s -Zud ‘

wl

It now is necessary to caloulate the terms of the torque egquetiong
thet iz to smy, the sguation of perfoymance for k = 7, This particulsr

egquation bas the following siuple form:
(R, % dp p) & = e, (8.58)

The quentity e, it should be renmembered, is the applied torgue
on the rotors |

The complete set of six differential equations are collected below:
e1 *-é'(eg + og) (8.46)
VB, . 213 S T ;
- fz—ﬁag‘ﬁ* *‘fﬁl}‘g*@&*ﬁigﬂﬁ .“/‘g p &° +-§»Bﬁpé5*
Zey = o) (8.47)

ey * ey * ey, {8.48)



Fuv st e f[m oy vuoplit « Fups
qi%(g’ﬁ*%;) 6 &% *%géég =0 | (8.51)

Furd -Gt ef[m vy me] it
"%i‘h +iu) 8t -Zwdsleo (8.52)
(Rp + 9, p) & =0y (8,53)

These @g&&tiﬂﬁa regraﬁent the coumplete performence, both transient
and steady-stete, of the induction mechine. It is necessary, however,
in order to obtain a complete soluticm of these egustions to speeify
either applied voltages, including the rotor torque, and sultable initiel
conditionsg, or applied currents, including the rotor welocity, and
sultable initial conditions.

The equetions mirht be piven & sort of physical interpretatiom.
The stator currents have been projsoted on erthosonal axes, two of
which are along end perpendicular to, respectively, the magretie axis
of phese 1, and the third of which might be considered perpendicular to
the plane of the other two. A soparabe and independent coil with verious
mutuel-induotive couplings might be sssocisted with sech of these azes.
To each of these @ciis 8 different wltege would be applied. Rotating
inside of this set of three ceoils, ancther set of three colils could be
plotured. These rotating colils shoull heve mutual~inductive couplings
between ﬁz&m&ei@s.mé between the statiopary coile; also they should be

piletured s connseted to commutator bars with two externsl brush~conw
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to those given by Stanley {21). Stenley used & non~invariant type of
trensformation; thet is, Stanley trensformed all quentities by mesns
of the same set of transformation coefficients without using the con=
u«%&a set, @o that in his enalysis the expression for power did not
maintain the invarisnt form

| LY 1l - ﬁuw wma

His methods were not those of tensor mnalysis but of sn even less
restricted clase from matrix theory. A£As e result his performance
equations were somevhet simpler in form than those given here.

It is interesting to note thet the performsnce equations ziven
might be used with constent rotor speed and elso with threee-phase sinue
soidal volteges in order to obtain the steadyw-state performsnce. In
this case, wvarious reactances could be defined and an equivalent eircuit
could be devised. _

Special consideration might be piven to the ease of pulsating voltage
and torgue variations to obtain some very interesting egquations, but
this spoeial considerstion will not be taken up here.

The method riven here is not linited to the determination of the
awﬁw%tng performence of machines. The usual wethods of analyzing
‘machines are bused on some sort of equivalent electrical cirscuit which
happens to represent the machine for some specific steady-state condie
tions, wﬁ_.w they are not sulted for the determimation of transient cone
diti one. Methods for determining trsngient performance of machines seenm
to be of increasing interest to the engineering profession as design

linitetions are often determined by transient eonditions., It is desirable
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t&kraf@re that an engineer have among his wothods of attack upon engineerw
ing problems soms method for the deternination of transient conditions

of electrical machinery. The method given here has sn additional adw
vantage in that it is besed on & unification of electrical end mechanical
systens. Besides, the method can he spplied with little change to other

probless such as elesctro=acoustical probleuns.
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MARY AND CONCLUSIORS

‘The first five parts of this paper are devoted to the fundementals
of tensgor mualyeis, both the usual and the intrinsie, snd the applica=
tion of i:hab;ﬁ fundementals to differential geometry. Many of the econ-
eepte of tensor theory are Introduced in the treatment of differential
goometry. This procedurs was followed in order to take adventage of the
geometrieal method of reasoning. After & brief introduction, the
fundsmentel definitions end algebraic menipuletions of tensors in them-
sslves without reference to s&ny geometrical speoce mre considered, Also
psoudostensors are introduced and raiam to true tensorsg. | Then, under
the heading of differential gwmi:ﬁ, & short treatment of non-metricsal
geometry is ineluded, The true change in a tensor component due to s
small am;ega in ccordinates or intrinsic variables is defined. This
definition leads to the definition of the covarient and the intrinsie
derivatives with respect to & symmetricel affine commection with an
undefined metriec, the choice of the metric being left open. Iater, &
metrie is introduced by means of the fundementel quedratic form ds? =
g1 @x' dxd which converts the hitherto amorphous space into & metrioal

v Es ey

spsoe. After the ints

wotion of the metric, msny of the previously
introduced concepts assume speciel formss for exemple, the symmetrie
affine connection becomes & three«index, Christoffel symbol., ¥ore
emsi&m%imb is given to the speeisl Riemsrmian metric geometry, that |

is, the wetrie geometry with gauge inverisnce ami & symmetric comweection,
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then to the non-Riesmannien metric geometry, that is, the wmetric peometry
with en untransportable metric, sxzeept in an infinitesinel region, and
' genersl commection. The invariant wethods of the intrinsie tensor
ma;.ysia in genersl require & gemernl connection; therefore 2 nonw
Rismernisn metric gamﬁw mey be defined by the concepts of the
intrinsic tensor anslysis, in connection with the f‘anﬂmzzt&l quadratic
forma

In part VI of this paper, some of the concepts of the usuel vector
analysis are related to tensor annlysis by making use of the pseudow
wveotor representation of second order anti-symmetric tensors, Such conwe
sbpts as the w:&em* the &iwrgezw&, the curl, the laplecisn, and
Stoke's theorem were given eonsideration.

‘In part VII, some of the important snalytiecal concepts of temsor
dynanics are given. The method of procedure is besed on the initiel

postulate that the absolute or intrinsie derivative of the generslized

mentun is equal to the external foreces. By expanding the intrinsie
derivative and by introdueing the concept of kinetie snergy, lagrenge's
equations are transformed from one coordinete system to encther, and from
& coordinate system to en ennuple of eongruences. Both holonomic and
noneholonomic constreined dymamicel systems are discussed.

Part VIII of this paper is concerned with eleetro-mschenical systems,
chiefly the rotating electricel mechine. The mors important analopous
concepts connscted with slectrical snd mechanical systenms are tabulated.

The dynamiocal equations of motion expressed in terms of ccordinate variables
and intrinsic verisbles sre assumed to represent the performance of
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electro-mechanical systems. The method of enalysis requires the knowledpe
ef" certain eleoctrical snd mechanical desigm constents {inductances,
inertisl coefficients, resistences, etec.) of the system under consider=-
ﬁﬁ%t A general method st anelyging rotating electrical Mehinaaﬁ, inw
cluding the type of variatiom of the electrical design constants, is
given. Then the genersl method is applied to the induetion machine,.

ﬁma. the performence equations in terme of Riemamnien coordinates contain
functional scefficients, & previously introduced type of transformation
which refers the system to & specisl set of noneRiemennisn coordinates

is mades This transformstion results in an equivaelent set of performance
equations which cantain only ovelic variables. These equivalent per-
formencs equations csn be solved guite easily for most cases. In the
ease of constant rotor speed the eyuations assume an especially simple
form, involving comstant #mmﬁ@mw, in terms of the electric currents
and their rates of change; therefore either tiw Heaviside amﬁtiml

‘methods or the laplecisnetrensform methods of solving linear differential

equations with constent coefficients can be applied.

Experience has demonstrated that in practical spplications the
non=invariant type of transformetions is more flexible and less ree
stricted then sre the inverisnt transformetions in which certain linear
or multilinear algebraie forms ere mainteined inverient ss is the case
of teunsor anslysis. In ﬁm ag?lia&ﬁ.m' of ﬁmser mﬁhaﬁs to the induew

%‘im\Wr the fundamental quadratic form de® = B3 ax® gzt and the

linear form ey 3d are two exsamples of invarisant forme. By comparing

the results of the aﬁ'&h&r’ s invarient trensformation methed of solving
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